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§0 Introduction 

The paper's main explicit result is proving Theorem 0.1 below. It is done axiomat- 
ically, in a "superstable" abstract framework with the set of "axioms" of the frame, 
verified by applying earlier works, so it suggests this frame as the, or at least a 
major, non-elementary parallel of superstable. 

A major case to which this is applied, is the one from [Sh 576]; we continue this 
work in several ways but the use of [Sh 576] is only in verifying the basic frame- 
work; we refer the reader to the book's introduction or [Sh 576, §0] for background 
and some further claims but all the definitions and basic properties appear here. 
Otherwise, the heavy use of earlier works is in proving that our abstract framework 
applies in those contexts. If A = is O.K. for you, you may use Chapter I or [Sh 
48] instead of [Sh 576]. 

Naturally, our deeper aim is to develop stability theory (actually a parallel of 
the theory of superstable elementary classes) for non-elementary classes. We use 
the number of non-isomorphic models as test problem. Our main conclusion is 
0.1 below. As a concession to supposedly general opinion, we restrict ourselves 
here to the A-good framework and delay dealing with weak relatives (see [Sh 849] , 
[Sh 838], Jarden-Shelah [JrSh 875], [Sh:E46]; in the first we start from [Sh 576, 
§l-§5], i.e., before proving that K^'^^ is dense). Also, we assume the (normal) 
weak-diamond ideal on the A"*"^ is not saturated (for i = 1, . . .,n — 1) and delay 
dealing with the elimination of this extra assumption (to [Sh 838] there we waive 

the "not A+^+^-saturated^ (ideal)", the price is that we replace most < 2-^^ ^ by 
< /^unif(A+^+i,2^+'), see on it I.?(3)). 

0.1 Theorem. Assume 2-^ < 2'^^^ < ••• < 2^^"^^ and the (so called weak dia- 
mond) normal^ ideal WDmId(A+^) is not X^^^^ -saturated'^ for i = 1, . . . ,n. 

1) Let ^ he an abstract elementary class (see %1 below) categorical in A and A"*" with 
LS(.^) < A (e.g. the class of models of if) E with <^ defined naturally). If 

1 < /(A"*"^, ^) and 2 < £ < n ^ -^(A"*"^, A) < 2^^ , then ^ has a model of cardinality 

2) Assume X = 'i^o, and tp eh^,,^{Q). If 1 </(A+^V) < 2^^' for £ = 1, . . . ,n - 1 
then i/j has a model in A"""" (see [Sh 4-8]) ■ 

Note that if n = 3, then 0.1(1) is already proved in [Sh 576]. If ^ is the class 
of models of some '0 e this is proved in [Sh 87a], [Sh 87b], but the proof 

■"^recall that as 2^^-i < 2"^^ this ideal is not trivial, i.e., is not in the ideal 
^actually the statement "some normal ideal on is /j.++-saturated" is "expensive", i.e., of 
large consistency strength, etc., so it is "hard" for this assumption to fail 
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here does not generalize the proofs there. It is a different one (of course, they 
are related). There, for proving the theorem for n, we have to consider a few 
statements on (Km, ^~{n — m))-systems for all m < n, (going up and down). A 
major point (there) is that for n = 0, as A = Kq we have the omitting type theorem 
and the types are "classical", that is, are sets of formulas. This helps in proving 
strong dichotomies; so the analysis of what occurs in A"""" = is helped by those 
dichotomies. Whereas here we deal with X,X+,X+^,X+^ and then "forget" A and 
deal with A""", A"*"^, A"*"^, A"""^, etc. However, there are some further theorems proved 
in [Sh 87a], [Sh 87b], whose parallels are not proved here, mainly that if for every 
n, in A"*"" we get the "structure" side, then the class has models in every > A, 
and theorems about categoricity. We shall deal with them in subsequent works, 
mainly Chapter IV. Also in [Sh 48], [Sh 88] = Chapter I we started to deal with 
G ^Lui,uj{Q) dealing with Ki, K2; we put it in our present framework. Of course, 
also the framework of Chapter I is integrated into our present context. In the 
axiomatic framework (introduced in §2) we are able to present a lemma, speaking 
on only 4 cardinals, and which implies the theorem 0.1. (Why? Because in §3 by 
[Sh 576] we can get a so-called good A^-frame s with C M., and then we prove 
a similar theorem on good frames by induction on n, with the induction step done 
by the lemma mentioned above). For this, parts of the proof are a generalization 
of the proof of [Sh 576, §8,§9,§10]. 

A major theme here (and even more so in Chapter IV) is 

0.2 Thesis : It is worthwhile to develop model theory (and superstability in partic- 
ular) in the context of ^\ or K\+t,l G {0, ...,n}, i.e., restrict ourselves to one, 
few, an interval of cardinals. We may have good understanding of the class in this 
context, while in general cardinals we are lost. 

As in [Sh:c] for first order classes 

0.3 Thesis : It is reasonable first to develop the theory for the class of (quite) sat- 
urated enough models as it is smoother and even if you prefer to investigate the 
non-restricted case, the saturated case will clarify it. In our case this will mean 
investigating 5"*""^ for each n and then n{.^^ : n < uj}. 

0.4 The Better to be poor Thesis : Better to know what is essential, e.g., you may 
have better closure properties (here a major point of poverty is having no formulas, 
this is even more noticeable in Chapter IV). 

I thank John Baldwin, Alex Usvyatsov, Andres Villaveces and Adi Yarden for many 
complaints and corrections. 

§1 gives a self-contained introduction to a.e.c. (abstract elementary classes), 
including definitions of types, M2 is (A, «;)-brimmed over Mi and saturativity = 
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universality + model homogeneity. An interesting point is observing that any A- 
a.e.c. can be lifted to .^>a, uniquely; so it does not matter if we deal with 
or ^>x (unlike the situation for good A-frames, which if we lift, we in general, lose 
some essential properties). 

The good A-frames introduced in §2 are a very central notion here. It concen- 
trates on one cardinal A, in ^x we have amalgamation and more, hence types, in 
the orbital, not in the classical sense of set of formulas, for models of cardinal- 
ity A can be reasonably defined (we concentrate on so-called basic types) and we 
axiomatically have a non-forking relation for them. 

In §3 we show that starting with classes belonging to reasonably large families, 
from assumptions on categoricity (or few models), good A-frames arise. In §4 we 
deduce some things on good A-frames; mainly: stability in A, existence and (full) 
uniqueness of (A, *)-brimmed extensions of M G Kx. 

Concerning §5 we know that if M G Kx and p G J>^^^{M) then there is (M, iV, a) G 
K'l' such that tp(a, M, A^) = p. But can we find a special ( "minimal" or "prime" ) 
triple in some sense? Note that if (Mi, A^i, a) <bs {M2, N2, a) then N2 is an amal- 
gamation of Ni,M2 over Mi (restricting ourselves to the case "tp(a, M2, Ar2) does 
not fork over Mi") and we may wonder is this amalgamation unique (i.e., allowing 
to increase or decrease N2). If this holds for any such (M2, A^2, o) we say (Mi, A^i, a) 
has uniqueness (= belongs to i^^'"*^ = Kg'^^). Specifically we ask: is K^'^^ dense 
in (K'^'^^j <bs)? If no, we get a non-structure result; if yes, we shall (assuming 
categoricity) deduce the "existence for K^'^^" and this is used later as a building 
block for non- forking amalgamation of models. 

So our next aim is to find "non- forking" amalgamation of models (in §6). We 
first note that there is at most one such notion which fulfills our expectations (and 
"respect" s). Now if lll(Mo, Mi, a, M3), Mq <^ M2 <^ M3 and (Mq, M2, a) G kJ'"'^ 

by our demands we have to say that Mi , M2 arc in non- forking amalgamation over 
Mq inside M3. Closing this family under the closure demands we expect to arrive 
to a notion NFx — NF^ which should be the right one (if a solution exists at all). 
But then we have to work on proving that it has all the properties it hopefully has. 

A major aim in advancing to A"*" is having a superlimit model. So in §7 we find 
out who he should be: the saturated model of ^x+ ? but is it superlimit? We use our 
NFa to define a "nice" order <^_|_ on ^x+j investigate it and prove the existence of 
a superlimit model under this partial order. To complete the move to A"*" we would 
like to have that the class of A"''-saturated model with the partial order <^_,_ is a 
A^-a.e.c. Well, we do not prove it but rather use it as a dividing line: if it fails we 
eventually get many models in ^x++ (coding a stationary subset of A"'""'' (really any 
S C{5<X++ : d{S) = A+})), see §8. 

Lastly, we pay our debts: prove the theorems which were the motivation of this 
work, in §9. 
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* * * 
Reading Instructions 

As usual these are instructions on what you can avoid reading. 

Note that §3 contains the examples, i.e., it shows how "good A-frame", our main 
object of study here, arise in previous works. This, on the one hand, may help the 
reader to understand what is a good frame and, on the other hand, helps us in the 
end to draw conclusions continuing those works. However, it is not necessary here 
otherwise, so you may ignore it. 

Note that we treat the subject axiomatically, in a general enough way to treat 
the cases which exist without trying too much to eliminate axioms as long as the 
cases are covered (and probably most potential readers will feel they are more than 
general enough). 
We shall assume 

(*)o 2^ < 2^^ < 2^^' < . . . < 2^^" and n > 2. 

In the end of §1 there are some basic definitions. 

Reading Plan : We accept the good frames as interesting per se so ignore §3 (which 
gives "examples") and: §1 tells you all you need to know on abstract elementary 
classes; §2 presents frames, etc. 

Reading Plan 1 : The reader decides to understand why we reprove the main theo- 
rem of [Sh 87a], [Sh 87b] so 

(*)i K is the class of models of some ij) e '^\+,u} (with a natural notion of 
elementary embedding for ^ a fragment oi'Lx+ i^ of cardinality < A to 
which belongs). 

So in fact (as we can replace, for this result, K by any class with fewer models still 
satisfying the assumptions) without loss of generality 

(*)'i if A = Ko then K is the class of atomic models of some complete first order 
theory, <^ is being elementary submodel. 

The theorems we are seeking are of the form 

(*)2 if K has few models in A + Ki, A"*", . . . , A"^" then it has a model in A"''""''"'^. 
[Why "A + Ki"? If A > No this means A whereas if A = Kq this means 
that we do not require "few model in A = Kq". The reason is that for the 
class or models oi if) E L^i,a; (or G L^^,t^(Q) or an a.e.c. which is PC^o, 
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see Definition 3.3) we have considerable knowledge of general methods of 
building models of cardinality b^i, for general A we are very poor in such 
knowedge (probably as there is much less).] 

But, of course, what we would really like to have are rudiments of stability theory 
(non-forking amalgamation, superlimit models, etc.). Now reading plan 1 is to 
follow reading plan 2 below but replacing the use of Claim 3.7 and [Sh 576] by the 
use of a simplified version of 3.4 and [Sh 87a]. 

Reading Plan 2 : The reader wants to understand the proof of (*)2 for arbitrary ^ 
and A. The reader 

(a) knows at least the main definitions and results of [Sh 576] , 
or just 

(b) reads the main definitions of §1 here (in 1.1 - 1.7) and is willing to believe 
some quotations of results of [Sh 576] . 

We start assuming ^ is an abstract elementary class, LS(.^) < A (or read §1 here 
until 1.16) and K is categorical in A, A+ and 1 < /(A++, K) < 2^^^ and moreover, 
1 < I{X'^'^ ,K) < 2^ .As an appetizer and to understand types and the definition 
of types and saturated (in the present context) and brimmed, read from §1 until 
1.17. 

He should read in §2 Definition 2.1 of A-good frame, an axiomatic framework and 
then read the following two Definitions 2.4, 2.5 and Claim 2.6. In §3, 3.7 show how 
by [Sh 576] the context there gives a A'^'-good frame; of course the reader may just 
believe instead of reading proofs, and he may remember that our basic types are 
minimal in this case. 

In §4 he should read some consequences of the axioms proved with weaker axioms, 
understanding here and later <* as K\. 

Then in §5 we show some amount of unique amalgamation. Then §6, §7, §8 do a 
parallel to [Sh 576, §8, §9, §10] in our context; still there are differences, in particular 
our context is not necessarily uni-dimensional which complicates matters. But if we 
restrict ourselves to continuing [Sh 576], our frame is "uni-dimensional", we could 
have simplified the proofs by using y^^{M) as the set of minimal types. 

Reading Plan 3 : i/j G L^i,^(Q) so A = Kq, 1 < /(^i,V') < 

For this, [Sh 576] is irrelevant (except quoting the " black box " use of the com- 
binatorial section §3 of [Sh 576] when using the weak diamond to get many non- 
isomorphic models in §5). 

Now reading plan 3 is to follow reading plan 2 but 3.7 is replaced by 3.5 which 
relies on [Sh 48], i.e., it proves that we get an Ki-good frame investigating ip e 

Lc.i,c.(Q). 
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Note that our class may well be such that ^ is the parallel of "superstable non- 
multidimension complete first order theory" ; e.g., ipi = (Qa;)(P(a;))A(Qa;)(-iP(a;)), = 
{P}, P a unary predicate; this is categorical in and has no models in Kq and ipi 
has 3 models in K2. But if we use ifjQ = {\/x){P(x) = P{x)) we have /(Kij-i/'o) = 
Ko; however, even starting with ipi, the derived a.e.c. ^ has exactly three non- 
isomorphic models in i^i. In general we derived an a.e.c. ^ from i(; such that: ^ 
is an a.e.c. with LS number Hq, categorical in Hq, and the number of somewhat 
"saturated" models of in A is < for A > Ki. The relationship of ip and 

A is not comfortable; as it means that, for general results to be applied, they have 
to be somewhat stronger, e.g. ".^ has 2^ non-isomorphic A"'"-saturated models of 
cardinality A^"*"". The reason is LS(.^) = A = Kq; we have to find many somewhat 
A^-saturated models as we have first in a sense eliminate the quantifier Q = 3-^^, 
(i.e., the choice of the class of models and of the order guaranteed that what has 
to be countable is countable, and A^-saturation guarantees that what should be 
uncountable is uncountable). 

Reading Plan 4 : ^ an abstract elementary class which is PC;^ (= b^o-presentable, 
see Definition 3.3); see Chapter I or [Mw85a] which includes a friendly presentation 
of [Sh 88, §l-§3] so of I§l-§3). 

Like plan 3 but we have to use 3.4 instead of 3.5 and fortunately the reader is 
encouraged to read I§4,§5 to understand why we get a A-good quadruple. 



8 



SAHARON SHELAH 



§1 Abstract elementary classes 

First we present the basic material on a.e.c. ^, so types, saturativity and brimm- 
ness (so most is repeating some things from I§1 and from Chapter II. B). 
Second we show that the situation in A = LS(.^) determine the situation above A, 
moreover such lifting always exists; so a A-a.e.c. can be lifted to a (> A)-a.e.c. in 
one and only one way. 

1.1 Conventions. Here ^ = {K, where i^T is a class of r-models for a fixed 
vocabulary r = = and is a two-place relation on the models in K. We 
do not always strictly distinguish between and {K,<ji). We shall assume 
that K, <^ are fixed, and M <^ N =^ M, N e K; and we assume that it is an 
abstract elementary class, see Definition 1.4 below. When we use <^ in the -< sense 
(elementary submodel for first order logic), we write ^l- 

1.2 Definition. For a class of r^-niodels we let /(A, K) = \{M/ M e K, \\M\\ = 
A}|. 

1.3 Definition. 1) We say M = {Mi : i < fi) is a representation or filtration of a 
model M of cardinality fi if = tm, Mi is C-increasing continuous, ||Mj|| < ||M|| 
and M = U{Mi : i < /i} and ii ^ ^ \Wi\\ = X- 

2) We say M is a <^-representation or <^-filtration if in addition Mj <^ M for 
i < \\M\\ (hence Mi,M e K and (Mj : z < //) is < ^-increasing continuous, by Av 
V from Definition 1.4). 

1.4 Definition. We say ^ — {K, <^) is an abstract elementary class, a.e.c. in 
short, if (r is as in 1.1, AxO holds and) AxI-VI hold where: 

AxO: The holding of M E K, N <si M depends on N, M only up to isomorphism, 
i.e., [M E K,M = N =^ N E K], and [if N <^ M and / is an isomorphism from 
M onto the r-model M' mapping N onto N' then N' <^ M']. 

Axl: M <j^N then M C N (i.e. M is a submodel of A^). 

Axil: Mo <^ Ml <^ M2 implies Mq <^ M2 and M <^ M for M e K. 

AxIII: If A is a regular cardinal. Mi (for i < A) is <^-increasing (i.e. i < j < X 
implies Mj <^ Mj) and continuous (i.e. for limit ordinal S < X we have 

Ms = [j Mi) then Mq <^ |J M^. 

i<6 i<X 
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AxIV: If A is a regular cardinal, Mj (for * < A) is <^-increasing continuous and 
Mi <A N ioT i < X then |J Mi <^ N. 

i<\ 

AxV: If Mo C Ml and M^ <^ iV for £ = 0, 1, then Mq <^ Mi. 

AxVI: LS(.^) exists^, where LS(.^) is the minimal cardinal A such that: if 
AC N and |^| < A then for some M <^ iV we have A C |M| and ||M|| < A. 

1.5 Notation : 1) Kx = {M e K : \\M\\ = A} and K<a = (J K^. 

1.6 Definition. 1) The embedding / : AT ^ M is <^-embedding when its range 
is the universe of a model N' <^ M, (so / : AT — > AT' is an isomorphism onto). 

2) We say / is a <^-embedding of Mi into M2 over Mq when for some M[ we 
have: Mq <si Mi, Mq <^ M[ <^ M2 and / is an isomorphism from Mi onto M[ 
extending the mapping idMo- 

Recall 

1.7 Observation. Let / be a directed set (i.e., / is partially ordered by <=<^, such 
that any two elements have a common upper bound). 

1) If Mf is defined for t E I, and t < s E I implies Mf <^ Mg then for every t E I 
we have Mt <^ (J M^. 

sei 

2) If in addition t e / implies Mt N then |J M^ <^ N. 

s€l 

Proof. Easy or see I.? which does not rely on anything else. Di.t 

1.8 Claim. 1) For every N E K there is a directed partial order I of cardinality 
< \\N\\ and sequence M = {Mt : t e I) such that t e I ^ Mt <ii N, \\Mt\\ < 

LS(.^),/ \= s < t ^ Ms <^ Mt and N ^ U H^H - ^^(•^) 

tei 

\\Mt\\ = LS(j^) forte I. 

2) For every Ni <^ N2 we can find (M/ : t E li) as in part (1) for £ = 1,2 such 
that Ii C I2 and t e h ^ Mf = Ml. 

3) Any A > LS(.ft) satisfies the requirement in the definition o/LS(.ft). 

^We normally assume M ^ Si^ \\M\\> LS(il) so may forget to write ||M|| "+ LS(il)" instead 
||M||, here there is no loss in it. It is also natural to assume |T(.ft)| < LS(.^) which means just 
increasing LS(.^), but no real need here; dealing with Hanf numbers it is natural. 
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Proof. Easy or see I.? which does not require anything else. Di g 

We now (in 1.9) recall the (non-classical) definition of type (note that it is natural 
to look at types only over models which are amalgamation bases, see part (4) of 1.9 
below and consider only extensions of the models of the same cardinality). Note 
that though the choice of the name indicates that they are supposed to behave 
like complete types over models as in classical model theory (on which we are not 
relying), this does not guarantee most of the basic properties. E.g., when ci{5) = b^o, 
uniqueness of ps G ,y{Ms) such that i < S ^ ps \ Mi = pi is not guaranteed even 
if Pi G o$^(Mi), Mi is <j^-increasing continuous for i < 5 and i<j<5^pi=Pj \ 
Mi. Still wc have existence: if for i < S,pi & y{Mi) increasing with i, then there 
is p5 e y{VJ{Mi : i < 5}) such that i < 6 ^ pi = ps \ Mi. But when d{6) > 
even existence is not guaranteed. 

1.9 Definition. 1) For M e we define ^(M) = ^i?(M) as {tp{a,M,N) : 
M <^ N e Kf^ a.nd a e N} where tp{a,M,N) = tp^{a,M,N) = {M,N,a)/S'M 
where is the transitive closure of S"^ , and the two- place relation S"^ is defined 
by: 

(M, iVi, ai)^^{M, iV2, 02) iff M <^ Ne, ae e Ng, ||7V^|| = fi= \\M\\ 

for £ = 1,2 and there is N e and <^ -embeddings 
ft : Ni^ N foY E= 1,2 such that: 
h\M= idM = /2 r M and /i(ai) = h{a2). 

We may say p — tp(a, M, A^) is the type which a realizes over M in N. Of course, 
all those notions depend on ^ so we may write tp^(a, M, N) and #m [-^J ? <^m [-^l • 
(If in Definition 1.4 we do not require M E K ^ \\M^ > LS(.^), here we should 
allow any N such that ||M|| < ||iV|| < M + LS(i^).) 

lA) For M G let^ ^ii(M) = {tp(a, M, A^) : M <^ iV and G i^^ or just 
N G -f!r<(p+LS(i?)) and a G iV} and y^''{M) = {tp(a, M, N) : M <si N and 
N G -f^<(p+LS(.s)) and a G N\M}, na stands for non-algebraic. We may write 
y"^^{M) omitting ^ when R is clear from the context; so omitting na means a E N 
rather than a G N\M. 

2) Let M e and M <^ A^. We say "a realizes p in iV" and "p = tp(a, M, iV)" 
when: if a e N,p e y{M) and A^' e -f^<(p+LS(ii)) satisfies M <^ N' <^ N and 
a e N' then p = tp(a, M, AT') and there is at least one such AT'; so M, AT' e 
(or just M < \\N'\\ <ii + LS(.^)) but possibly N ^ K^. 



^we can insist that £ K^,, the difference is not serious 
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3) We say "a2 strongly^ realizes (M, N^, cti)/<^M when for some N'^ of cardi- 
nality < ||M||+LS(^) we have M <^ <^ N and a2 G and (M, iV\ ai) (M, AT^ 

4) We say Mq G -RTa is an amalgamation base (in ^, but normally ^ is understood 
from the context) if: for every Mi,M2 G Kx and <^-embcddings fi : Mq Mi 
(for £=1,2) there is M3 G Kx and <j^-embeddings : ^ M3 (for £ = 1, 2) 
such that gi o fi = g2 o f2. Similarly for ^<a- 

4A) A has amalgamation in A (or A- amalgamation or ^x has amalgamation) when 
every M G Kx is an amalgamation base. 

4B) ^ has the A-JEP or JEP^ (or Kx has the JEP) when any Mi, M2 G Kx can be 
<^-embedded into some M G Kx- 

5) We say ^ is stable in A if (LS{K) < A and) M eKx^ 1-^(^)1 < A. 

6) We say p = g t M if p G ^(M), g G ^(iV), M <^ iV and for some iV+, iV <^ iV+ 
and a G 7V+ we have p = tp(a,M, A^+) and q = tp(a, iV, A^+); see 1.11(1), (2). 
We may express this also as "g extends p or p is the restriction of g to M" . 

7) For finite m, for M N,a e "^N we can define tp(a, M, iV) and <^^(M) 

similarly and =^<'^(M) = |J <5^^(M); similarly for ^"(M) (but we shaU not use 

m<u! 

this in any essential way, so we agree y{M) = y^{M).) Again we may omit K 
when clear from the context. 

8) We say that p G ^j^(M) is algebraic when some a E M realizes it. 

9) We say that p G y^{M) is minimal when it is not algebraic and for every N e K 
of cardinality < ||M|| + LS(.^) which <^-extend M, the type p has at most one 
non-algebraic extension in y^{M). 

1.10 Remark. 1) Note that here "amalgamation base" means only for extensions of 
the same cardinality! 

2) The notion "minimal type" is important (for categoricity) but not used much in 
this chapter. 

1.11 Observation. 0) Assume M e K^ and M <si N,a e N then tp{a,M,N) is 
well defined and is p if for some M' G -fC^ we have M U {0} C M' <^ N and 
p= tp(a,M,M'). 

1) If M Ni <si N2, M e K^ and a e Ni then tp(a, M, Ni) is well defined and 
equal to tp(a, M, A^2), (more transparent if K has the //-amalgamation which is the 
real case anyhow). 

2) If M <^ N and g G y{N) then for one and only one p we have p = q \ M. 

3) If Mo <fi Ml <^ M2 and p G =5^(M2) then p \ Mq = {p \ Mi) \ Mq. 

^note that S'^ is not an equivalence relation and hence in general is not S'm 



12 



SAHARON SHELAH 



4) If M e is an amalgamation base then S'^ is a transitive relation hence is 
equal to S'm- 

5) If M N are from M.\,M is an amalgamation base and p G S^{M) then there 
is g G ,y{N) extending p, so the mapping q ^ q f M is a function from y[N) onto 
^(M). 

Proof. Easy. Dlii 

1.12 Definition. 1) We say N is A-universal over M when A > || A^|| and for every 
M', M <si M' e Kx, there is a <^-embedding of M' into N over M. If we omit A 
we mean ||A^||; clearly if N is universal over M then M is an amalgamation base. 

2) Kl = {(M, N,a) : M <si N,a e N\M and M,N e ^x}: with the partial order 
< defined by (M, A^, a) < (M', iV', a') iff a = a', M <^ M' and N <^ iV'. 

3) We say {M,N,a) G is minimal when: if {M,N,a) < {M',Ni,a) G Kl for 
e = l,2 implies tp(a, M', TVi) = tp(a, M', A^a) moreover, (M', iVi, a)#^*(M', iVa, a) 
(this strengthening is not needed if every M' G Kx is an amalgamation bases). 

4) A?" G is A-universal if every M G .^a can be <j?-embedded into it. 

Remark. Why do we use < on Because those triples serve us as a representation 
of types for which direct limit exists. 

1.13 Definition. 1) M* G Kx is superlimit if: clauses (a) + (b) + (c) below hold 
(and locally superlimit if clauses (a)~ + (b) + (c) below hold and is pseudo superlimit 
if clauses (b) + (c) below hold) where: 

(a) it is universal, (i.e. every M G Kx can be <i?-embedded into M*), and 

(6) if {Mi : i < 5) is <^-increasing continuous, 5 < A+ and i < 5 ^ Mi = M* 
then Ms = M* 

{a)~ if M* < Ml E Kx then there is M2 G K2 which <^-extend Mi and is 
isomorphic to M* 

(c) there is M** isomorphic to M* such that M* <^ M**. 

2) M is A-saturated above fj, when ||M|| > X > fJ, > LS{^) and: N <^ M.jj, < 
\\N\\ <\N <_ft iVi, lliVill < ||iV|| + LS(.^) and a e Ni then some 6 G M strongly 
realizes {N, Ni, a) /S"^ in M, see Definition 1.9(3). Omitting "above /i" means "for 
some n < A" hence "M is A"'"-saturated" mean that "M is A+-saturated above 
A" and K(A+-saturated) = {M e K : M is A+-saturated} and "M is saturated" 
means "M is 11 Mil-saturated". 



CATEGORICITY IN ABSTRACT ELEMENTARY CLASSES 



13 



1.14 The Model-homogeneity = Saturativity Lemma. Let X > /i + LS(J^) 
and M e K. 

1) M is X-saturated above ji if[M is (D^>^, X) -homogeneous above n, which means: 
for every Ni <^ N2 E K such that n < \\Ni\\ < ||A^2|| < X and Ni <^ M, there is 
a <si-embedding f of N2 into M over Ni. 

2) If Ml, M2 G Kx are X-saturated above fx < X and for some Ni <^ Mi, N2 <^ 
M2, both of cardinality e [/J-jX), we have Ni = A^2 then Mi = M2; in fact, any 
isomorphism f from Ni onto N2 can be extended to an isomorphism from Mi onto 
M2. 

3) If in (2) we demand only "M2 is X-saturated" and Mi e K<\ then f can be 
extended to a <^- embedding from Mi into M2. 

4) In part (2) instead of Ni = Ar2 it suffices to assume that Ni and N2 can be 
< Si-embedded into some N E K, which holds if ^ has the JEP or just JEP^. 

5) If N is X-universal over M e and ^ has 11- JEP then N is X-universal (where 
X > LS(^) for simplicity) . 

6) Assume M is X-saturated above 11. If N <^ M and /j, < \\N\\ < X then N is an 
amalgamation base (in -f^<(||Ar||+LS(^)) c-nd even in ^<x) and \y{N)\ < \\M\\. So 
if every N e can be <^-embedded into M then M has jj.- amalgamation. 



Proof. 1) The "if direction is easy as A > > LS(^). Let us prove the other 
direction. 

We prove this by induction on ||Ar2||. Now first consider the case ||A^2|| > + 
LS(.^) then we can find a <j^-incrcasing continuous sequence (ATi ^ : e < ||Ar2||) 
with union N2 with A^i^o = -^1 and ||A''i^g|| < ||A^i|| + |£|. Now we choose /g, a 
<^-embedding of Ni^^ into M, increasing continuous with e such that /o = idjvi- 
For £ = this is trivial for e hmit take unions and for e successor use the induction 
hypothesis. So without loss of generality ||A^2|| < + LS(.^). 

Let |A^2| = {di '■ i < and we know fx < k" := ||A^i|| < k := \\N2\\ < k' '■= 
\\Ni\\ + LS(il) < A; so if, as usual, ||iVi|| > LS{^) then n' = k. We define by 
induction on i < k, NI, N2, fi such that: 

(a) Ni <^ N^ and ||Ar||| < ||Ar2^|| < k' 

(b) NI is <^-increasing continuous with i 

(c) NI is <^-increasing continuous with i 

(d) fi is a <^-embedding of NI into M 

(e) fi is increasing continuous with i 

(f) a, e N{+^ 

(g) iVO = iVi,iVO = iV2,/o = idAr,. 



14 



SAHARON SHELAH 



For i = 0, clause {g) gives the definition. For i limit let: 
Ni = y N( and 

N^ = \J Ni and 

3<i 

Now (a)-(f) continues to hold by continuity (and HA^III ^ easily). 

For i successor we use our assumption; more elaborately, let M|~^ <^ M be 
fi-i{Nl~^) and let M2~^,^i_i be such that gi-\ is an isomorphism from A^2~"^ 
onto Ml~^ extending so Ml~^ <^ -^2~^ (but without loss of generality 
M^~^ n M = Mi~'^). Now apply the saturation assumption with M, M^~\ 
tp(fi'i-i(o-i-i), M;^""'^, M2~"'^) here standing for N,M,p there (note: a^-i G A^2 = 
iVO C iV^-^ and A > > \\N^~^\\ = ||M^-^|| > ||Mi'-^|| = ||iVr^|| > ||iViO|| = 
1 1-^1 1 1 = ^ A* so the requirements including the requirements on the cardinali- 
ties in Definition 1.13(2) holds). So there is 6 e M such that tp{b,Mi~^,M) = 
tp{gi-i{ai-i),Ml~^,M2~^). Moreover (if has amalgamation in n the proof is 
slightly shorter) remembering the end of the first sentence in 1.13(2) which speaks 
about "strongly realizes" and recalling Definition 1.9(3) there is 6 G M such that 
b strongly realizes (M{~-^, Mg"^, 5fi_i(ai_i))/<f^i_i in M. This means (see Defi- 
nition 1.9(3)) that for some Ml'* we have b G M^'* and M^""^ <si M^'* <^ M 
and {Mi-^,M^-^,g,-i{ai-i))c^^yi{Ml-^,Mi'\b). This means (see Definition 

I. 9(1)) that Ml'* too has cardinality < n' and there is M2* G -ftr<K' such that 
Ml~^ <^ M2* and there are <^-embeddings h\,h\ of M2~^,M^'* into M2'* over 
Ml~^ respectively, such that h\{gi-i{ai-i)) — h\{b). 

Now changing names, without loss of generality is the identity. 

Let N2,hi be such that A^2~^ <^ and hi an isomorphism from AT^ onto Mg'* 

extending gi_i. Let Nl = hr^{Mi'*) and fi = {hi \ Nl). 

We have carried the induction. Now is a <^-embedding of into M over 
iVi, but \N2\ ^ {tti : i < k} C iVf hence by AxV of Definition 1.4, N2 <^ ATf , so 
fi^ \ N2 : N2 ^ M is as required. 

2), 3) By the hence and forth argument (or see I.?, I.? or see [Sh 300, II, §3] = 

II. B§3). 

4),5),6) Easy, too. □1.14 
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1.15 Definition. 1) For a = ci{a) < A""", we say N is (A, o-)-brimmed over M 
if (M <^ N are in K\ and) we can find a sequence (Mj : i < a) which is <^- 
increasing^, Mj e Kx,Mo = M,Mi+i is <^-universal^ over Mi and M Mi = N. 



We say N is (A, (T)-brimmed over A if A C g and we can find (Mj : i < a) 
as above such that A C Mq but Mq ^ A Mq =^ Mq = A; if ^ = we may 
omit "over A" . We say continuously (A, cr)-brimmed (over M) when the sequence 
(Mj : z < cr) is <^-increasing continuous; if M\ has amalgamation, the two notions 
coincide. 

2) We say N is (A, *) -brimmed over M if for some a < X^N is (A, o") -brimmed over 
M. We say N is (A, *) -brimmed if for some M, N is (A, *) -brimmed over M. 

3) If a < A+ let "iV is (A, a)-brimmed over M" mean M <^ N are from and 
ci{a) >'iio=> N is (A, cf(Q!))-brimmed over M. 

On the meaning of (A, (T)-brimmed for elementary classes, see 3.1(2) below. Recall 
1.16 Claim. Assume A > LS(i^). 

1) If R has amalgamation in X, is stable in X and u = cf (u) < A, then 

(a) for every M ^ ^\ there is N, M <^ N e Kx, universal over M 

(b) for every M & there is N & ^x which is (A, a) -brimmed over M 

(c) if N is (A, a)-brimmed over M then N is universal over M. 

2) If Ni is (A, ^o)-brimmed over M for £ = 1,2, then Ni, N2 are isomorphic over 



3) Assume a — cf{a) < A""", and for every < 9 = cf{0) < a any {X,0)-brimmed 
model is an amalgamation base (in Then : 

(a) if Ni is (A, a) -brimmed over M fori =1,2 then Ni, N2 are isomorphic over 



(b) if A has JEP\ (i.e., the joint embedding property in X) and Ni,N2 are 
{X, a) -brimmed then Ni,N2 are isomorphic. 

8 A) There is a {X, a) -brimmed model N over M G Kx when : for every <^^- 
extension Mi of M there is a <^^-extension M2 of Mi which is an amalgamation 
base and there is a X-universal extension M3 G Kx of M2. 

4) Assume ^ has X- amalgamation and the X-JEP and M = (Mj : i < X) is <^- 
increasing continuous and Mi G Kx for i <X. 

^we have not asked continuity; because in the direction we are going, it makes no difference 
if we add "continuous" . Then we have in general fewer cases of existence, uniqueness (of being 
(A, cr)-brimmed over M G K\) does not need extra assumptions and existence is harder 

^hence Mi is an amalgamation base 




M. 



M 
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(a) // A is regular and for every i < X,p & 5^ {Mi) for some j e {i, X), some 
a e Mj realizes p, then M\ is universal over Mq and is (A, X) -brimmed over 
Mo 

(b) if for every i < X every p e =5^(Mj) is realized in Mj+i then M\ is (A, cf(A))- 
brimmed over Mq. 

5) Assume a = cf(cr) < A and M & ^ is continuous {X, a) -brimmed. Then M is 
locally a (A, {a})-strongly limit model in (see Definition I.? (2), (7), not used). 

Proof. 1) Clause (c) holds by Definition 1.15. 

As for clause (a), for any given M e K\, easily there is an <^-increasing contin- 
uous sequence {Mi : i < 5) oi models from K\, Mq = M such that p G y{Mi) =^ p 
is realized in Mi+i, this by stability + amalgamation. So {Mi : z < A) is as in part 
(4) hence by clause (b) of part (4) we get that Ms is <j^-universal over Mq — M 
so we are done. Clause (b) follows by (a) as has A- amalgamation. 

2) By (3) (a). 

3) Clause (a) holds by the hence and forth argument, that is assume {Ng^i : i < a) 
be <^-increasing continuous, A^'^.o = M, Ni^i^i is universal over Ng^i and Ng = Ni^cr 
so Ni^i e ^x- We now choose /j by induction on i < o" such that: 

(z) if i is odd, /j is a <^-embedding of Ni^i into A^2,i 
{ii) if i is even, f~^ is a <^-embedding of N2,i into AT^ j 
{iii) if i is limit then /j is an isomorphism from AT^ j onto A^2,i 
{iv) fi is increasing continuous with i 

(v) if z = then /o = idM- 

For i — let fo = idM- If i = 2j + 2 use 'Wi^j is a universal extension of A''i^2j-i-i 
(in ^x) and f2j+i is a <i?-embedding of Ni^2j+i into A^2,2j+i (by clause (i) applied 
to 2j + 1) and A^i,2j-i-i is an amalgamation base". That is, A^2,i is a <^-extension 
of /2j+i(-^2j+i) which is an amalgamation base so f2j+i can be extended to a <^- 
embedding of f~^ of A^2,i into A^i,i. For z = 2j + 1 use 'W2,i is a universal extension 
(in ^x) of A^2,2j and f2j^ is a <j^-embedding of A^2,2j into A^i,2j and N2,2j is an 
amalgamation base (in .^a)"- 

For i limit let fi — U{/j : j < i}. Clearly f^ is an isomorphism from A'^i = Ni^^r 
onto N2^a = -^2 so we are done. 

As for clause (b), we can assume that {Ng^i : i < a) exemplifies "Ng is (A, a)- 
brimmed" for £=1,2. By the JEPa there is a pair {gi, N) such that A^i,o N G 
Kx and gi is a <^-embedding of A^2,o into N. As above there is a <^-embedding 
g2 of N into A^i^i over A''! o- Let fo — g2 and continue as in the proof of clause (a). 
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3A) Easy, too. 

4) We first proved weaker versions of (a) and of (b) called (a)~,(b)~ respectively. 

Clause (a)~ : Like (a) but we conclude only: M\ is universal over Mq. 

Let Mq <^ G Kx and we let {Si : i < A) be a partition of A to A sets each with 
A members, i < Min(S'i). Let Mi^i = for i < A and we choose (M2,i : i < 5) 
which is <^-increasing such that M2^i G M2,o = Mi^o, N <^ M2,i and every type 
p e =5^(M2,j) is realized in M2^i+i- We shall prove that Mi^a,-^2,a are isomorphic 
over Mq = Mi o, this clearly suffices. We choose a quintuple {ji, M^^i, fi^i, f2,i,SLi) 
by induction on i < A such that 

® (a) ji < A is increasing continuous 

(6) Ma^j e Kx is <^-increasing continuous 

(c) f^^i is a <^-embedding of Mgj. into M for £ = 1, 2 

(d) fe^i is increasing continuous with z for £ = 1, 2 

(e) 34 = {al : e E Si) lists the members of M^^i 

(/) if e e S'j then a| e Rang(/i,2e+i) and a| e Rang(/2,2e+2). 

If we succeed then fi := U{f£,i : i < A} is a <^-embedding of Mi^x into M^^x '■= 
M3 := [J{Ms,i : i < X} and this embedding is onto because a e M3 ^ for some 
z < A, a e Ms^j =^ for some i < X and e e 5^, a = a* ^ a = a* e Rang(/^,e+i) ^ 
a e Rang(/^). So /j""*^ o /2 is an isomorphism from M2,a onto Mi^x = -Ma so as said 
above we are done. 

Carrying the induction; for i = use ".^ has the A-JEP" for Mi 0, M2,o- 

For i limit take unions. 

For i = 2s+l let ji = mm{j < Xi : j > j2e and (/jj-^ (tp(4, /2^(Mi,i), Mg.i) G 
^^{Mi^i) is realized in Mj and continue as in the proof of 1.14(1), so can avoid 
using "(//)~^ of a type. 

For i = 2£ + 2, the proof is similar. 

Clause {h)~ : Like clause (b) but we conclude only: Mx is universal over Mq. 
Similar to the proof of {a)~ except that we weaken clause (f) to 

(/)- iieeSi then a\ e Rang(/i,2£+i). 
Clauses (a), (b) : 

As above but now in the choice of (M2,i : i < A) we demand that "M2,i+i is <^- 
universal over M2,i" for i < X. This is permissible as by {h)~ which we have already 
proved every member of Kx has a <i^^ -extension from ^x which is universal over 
it. So M2,A is (A, cf( A)) -brimmed over M2,o = Mq hence also Mx being isomorphic 
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to M2,A over Mq is (A, cf( A)) -brimmed over Mq, as required. 

5) Easy and not used. (Let (Mj : i < a) witness "M is (A, cr)-brimmed" , so M can 
be <^-embedded into M^, hence without loss of generahtyMo = Mi.) Now use F 
such that F(M') is a -extension of M' which is -universal over it and is an 
amalgamation base. Di.ie 

1.17 Claim. 1) Assume that ^ is an a.e.c, LS(.^) < A and ^ has X- amalgamation 
and is stable in X. Then there is a saturated N e Kx+. Also for every saturated 
N G Kx+ (in ^, above X of course) we can find a < ^-representation N = (Ni : i < 
A"*"), with Ni^i being {X,c{{X)) -brimmed over Ni and Nq being {X, X) -brimmed. 

2) If for £ — 1,2 we have = {N^ : i < A"*") as in part (1), then there is an 
isomorphism f from N'^ onto N'^ mapping Nl onto Nf for each i < X'^ . Moreover, 
for any i < X'^ and isomorphism g from Nl onto Nf we can find an isomorphism 
f from N^ onto N"^ extending g and mappng Nj onto Nj for each j G [i, A"*"). 

3) If N^ <si N^ are both saturated (above X) and are in Kx+ (hence LS(.^) <X), 
then we can find < ^-representation N^ of N^ as in (1) for £ = 1,2 with N^ = 
N^ n Nl, (so iV° <^ Nl ) fori<X+. 

4) If M & Kx+ and ^ has X- amalgamation and is stable in X (and LS(.^) < X), 
then for some N G Kx+ saturated (above X) we have M <^ N . 



Proof. Easy (for (2), (3) using 1.14(6)), e.g. 

4) There is a <^-increasing continuous sequence (Mj : i < A""") with union M such 
that Mi G Kx- Now we choose N^ by induction on z < A 

(*) (a) Ni G Kx is <^-increasing continuous 
(6) A^i+i is (A, cf(A))-brimmed over Ni 
(c) No^Mq. 

This is possible by 1.16(1). Then by induction on i < A"*" we choose a < j^-cmbcdding 
fi of Mi into Ni, increasing continuous with i. For i = let /i = idMo- -^^^ ^ limit 
use union. 

Lastly, for i = j -I- 1 use ".^ has A- amalgamation" and "AT,- is universal over Ni" . 
Now by renaming without loss of generality /x+ = idAr^+ and we are done. (Of 
course, we hae assumed less). ni.iT 

You may wonder why in this work we have not restricted our A to "abstract ele- 
mentary class in A" say in §2 below (or in [Sh 576]); by the following facts (mainly 
1.23) this is immaterial. 
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1.18 Definition. 1) We say that is a A-abstract elementary class or A-a.e.c. in 
short, when: 

(a) Six = {Kx,<siJ, 

(b) K\ is a class of r-models of cardinality A closed under isomorphism for some 
vocabulary r = r^^ , 

(c) a partial order of K\, closed under isomorphisms 

(d) axioms (0 and) I, II, III, IV, V of abstract elementary classes (see 1.4) hold 
except that in AxIII we demand 6 < X'^ (you can demand this also in 
AxIV). 

2) For an abstract elementary class A let = {Kx, <^ \ Kx) and similarly ^>a, ^<A) 
and define (< A)-a.e.c. and [A, //]-a.e.c., etc. 

3) Definitions 1.9, 1.12, 1.13, 1.15 apply to A-a.e.c. ^x- 

1.19 Observation. If is an a.e.c. with Kj^ ^ then 
(a) ^\ is a A-a.e.c. 

(6) if is a A-a.e.c, and ^\ = then Definitions 1.9, 1.12, 1.13, 1.15 when 
applied to but restricting ourselves to models of cardinality A and when 
applied to are equivalent. 

Proof. Just read the definitions. 
We may wonder 

1.20 Problem : Suppose are a.e.c. such that for some X > /J, > LS(.^^), 
LS(.^^),.^^ = Can we bound the first such A above /i? (Well, better bound 
than the Lowenheim number of L^+^^+ (second order)). 

1.21 Observation. 1) Let K be an a.e.c. with A = LS(.^) and fi > X and we define 
n>^, by: M e iff M e K & ||M|| > and M <j^>^ N ii M <^ N and 
\\M\\, \\N\\ > 11. Then is an a.e.c. with LS(.^>^) = /i. 

2) If ^x is a A-a.e.c. then observation 1.7 holds when |/| < A. 

3) Claims l.ll(2)-(5), 1.16 apply to A-a.e.c. 

1.22 Remark. If ^ is an a.e.c. with Lowenheim- Skolem number A, then every 
model of ^ can be written as a direct limit (by <^) of members of ^x (see 1.8(1)). 
Alternating we prove below that given a A-abstract elementary class .^a, the class 
of direct limits of members of ^x is an a.e.c. .^"p. We show below (.^a)"^^ = 
hence .^a determines ^>x- 
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1.23 Lemma. Suppose is a X-abstract elementary class. 

1) The pair {K' , <^') is an abstract elementary class with Lowenheim-Skolem num- 
ber A which we denote also by where we define 

(a) = |m :M is a r^^-model, and for some directed partial order 

I and M = {Ms : s e /) we have 

M=\JMs 

sei 

s e I ^ Ms e Kx 

I^s<t^Ms<^^ Mtj. 
We call such {Mg : s E I) a witness for M e K' , we call it reasonable if \I\ < \\M\\ 

(b) M N iff for some directed partial order J, and 

directed I Q J and {Ms : s e J) we have 

M=\jMs,N=[jMt,Mse Kx and 

sei teJ 
J\=s<t^Ms<M^ Mf 

We call such /, {Ms : s E J) witnesses for M N or say {I, J, {Ms : s e J)) 
witness M A^. 

2) Moreover, K'^ = Kx and (which means <^'\ K'^) is equal to so 
{^')x = ^x. 

3) If A" is an abstract elementary class satisfying (see 1.21) K'^ = Kx,<fi"\ 
Kx =<si^ and LS{^") < A therf ^'-I^^ = ^' . 

4) If ^" is an a.e.c, Kx Q K'^ and <^^—<^" \ Kx, then K' C K" and <^'—<si" \ 
K'. 

Proof. The proof of part (2) is straightforward (recaUing 1.7) and part (3) follows 
from 1.8 and part (4) is easier than part (3) (both statements being proved by 
induction on the cardinality of the relevant models) hence we concentrate on part 
(1). So let us check the axioms one by one. 

^if we assume in addition that M 6 ^' => ||M|| > A then we can show that equality holds 
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Ax : K' is a class of r models, a two-place relation on K' ^ both closed under 

isomorphisms. 

[Why? trivially.] 

Ax I : If M N then M CN. 
[Why? trivial.] 

Ax II : Mo Ml M2 implies Mq <i|/ M2 and M e K' ^ M M. 
[Why? The second phrase is trivial (as if M = (M^ : t E I) witness M E K' 
then (/, /, M) witness M M above). For the first phrase let for i e {1, 2} the 
directed partial orders Ii C and M^ = (Mf : s E Ji) witness M^_i M^ and 
let M° = (M° : s G /o) witness Mq G K'. Now without loss of generality M° is 
reasonable, i.e. |/o| < ll-^o||) why? by 

Ml every M e K' has a reasonable witness, in fact, if M = (M^ : t e /) is a 
witness for M then for some /' C / of cardinality < ||M|| we have M \ I' is 
a reasonable witness for M. 

[Why? If M = {Mt : t G /) is a witness, for each a E M choose ta E I 
such that a G Mt^ and let F : — > / be such that . . . , tn}) is an 

upper bound of {ti, . . . , tn} and let J be the closure of {ta a G M} under 
F; now M f J is a reasonable witness of M G K'.] 

Similarly 

KI2 if (/, J, (Ms : s e J) witness M iV then for some directed /' C /, |/'| < 
||M|| we have (/', J, {Ms : s G J)) witness M <k' A^ 

KI3 if I,M = {Mt : t e J) witness M <ii/ N then for some directed J' C J we 
have II J'll < |/| + ||A||, / C J' and I,M \ J' witness M <i^/ A. 

Clearly Kli (and Kl2,Kl3) are cases of the LS-argument. Wc shall find a witness 
(/, J, {Ms : s e J)) for Mq M2 such that (M^ : s G /) = (M^^ : s E Iq) so 
I — Iq and I J| < IIM2II. This is needed for the proof of Ax III below. Without loss 
of generality /i,/2 has cardinality < ||Mo||, ||Mi|| respectively, by the proof of IEI2. 
Also without loss of generality M^, M^ [ /i, M^, M^ [ I2 are reasonable as by the 
same argument we can have |Ji| < ||Mi||, IJ2I < IIM2II by KI3. 

As {Ms : s E Iq) is reasonable, there is a one-to-one function h from Iq into M2 
(and even Mq); the function h will be used to get that J defined below is directed. 
We choose by induction on m < a;, for every c G "^(M2), sets lo.c, -^1,5, -^2,5, Ji,c-, J2,c 
such that: 

®i(a) li^c is a directed subset of li of cardinality < A for £ G {0, 1, 2} 
(6) Ji^c is a directed subset of Ji of cardinality < A for £ G {1, 2} 
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(c) U Mf+^ = ( U n Me for £ = 0, 1 

(^) U = ( U ^l)nMo 

(e) U = U 
(/) cC U 

(g) if (i is a permutation of c (i.e., letting m = ig{c) for some one to one g : 
{0, . . . , m - 1} ^ {0, . . . , m - 1} we have di = Cg(^(,)) then /^,c = -f^.d, -^m,c = 

(for £ e {0, 1,2}, mG {1,2}) 

(h) if d is a subsequence of c (equivalently: an initial segment of some permu- 
tation of c) then j C I^^^, j C ^ for £ e {0, 1, 2}, m e {1, 2} 

(i) if /i(s) = c so s e Jo then s e -fo,<c>- 

There is no problem to carry the definition by LS-argument recalling clauses (a) + 
(b) and \\M^\\ = A when £ = OAse/oor£=lAseJior£ = 2AseJ2. Without 
loss of generality le n '^>(M2) = 0. 

Now let J have as set of elements /q U {c : c a finite sequence from M2} ordered 
by: J \= X < y \S Iq \= X < y or X e Io,y e J\/o, 3z E Io,y[x </q z]grx,ye J\Io 
and x is an initial segment of a permutation of y (or you may identify c with its 
set of permutations). 

Let / = Iq. 

Let be M° if a; e Iq and |J if x e J\Io. 
Now 

(*)i J is a partial order 

[Clearly x <j y <j x ^ x — y, hence it is enough to prove transitivity. 
Assume x <j y <j z; if all three are in Iq use "/q is a partial order", if 
all three are not in J\Io, use the definition of the order. As x' <j y' E 
Iq ^ x' E Iq without loss of generality a; E Iq, z E J\Io- li y E Iq then (as 
y <j z) for some y' , y y' E Io,z but x y (as x,y E Iq, x <j y) hence 
X </o y' ^ Io,z so X <j z. If 2/ ^ Iq then /o,y C Iq .^ (by clause (h)) so we 
can finish similarly. So we have covered all cases.] 

(*)2 J is directed 

[Let x,y E J and we shall find a common upper bound. If x^y ^ Iq their 
concatanation x'^y can serve. If x,y E Iq use "/q is directed" . If x E Io,y E 
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J\/o, then {h{x)) G J\/o and z = y" {h{x)) G J\/o is <j above y (by the 
choice of <j) and is <j-above a; as a; G Io,{h{x)) Q Iq,z by clause (i) of ®i 
so we are done. If a; G J\Iq, y G Jq the dual proof works.] 

(*)3 if a; G J\/o then n for £ = 0, 1 

[Why? Clearly M ^ n Mq = U{M/ : t G /i,^} by clause (c) and n Mi = 
U{M/ : t G Ji,a;} by clause (c), too. Now the sets Ii^x ^ Ji,xi,Q Ji) 
are directed by so by the assumption on {M} : t G Ji) and Lemma 
1.7 we have Mg; n Mq n Mi. Using J2 we can similarly prove 

Ma; n Ml <j^^ Ma; n M2 and trivially M^; n M2 = M^;. As is transitive 
we are done.] 

(*)4 if X <j y then M, My 

[Why? If x, y G Iq use the choice of (M^ : s E Iq). If x,y E J\Io the proof is 
similar to that of (*)3 using J2. If a; G Iq) J/ £ J\Io there is s G lo.y such that 
X s, hence M^ = M^ M° and as {M^ : t G /o,j/) is <^j,-directed 
clearly <j^^ U{Mi° : t G /o,y} = My n Mq and Mj^ n Mq My by 
(*)3. By the transitivity of <si^ we are done.] 

(*)5 U{M, : a; G /} = VJ{M^ : x G /q} = Mq 
[Why? Trivially recalling /q = /.] 

(*)6 M2 = U{M^ : a; G J} 
[Why? Trivially.] 

As /q C J is directed by (*)i + (*)2 + (*)4 + (*)5 + (*)6 we have checked that 
/, (Mj; : a; G J) witness Mq M2. This completes the proof of Axil, but we also 
have proved 

(g)2 if M = (Mt : t G /) is a reasonable witness to M G and M <si' N E K' , 
then there is a wjtness M' = {Ml : t e J') to M N such that 
r = I,M' \ I = M and M' is reasonable and x <j' y Ay e I' ^ x e I'.] 

Ax III : If ^ is a regular cardinal, Mi (for i < ^) is -increasing and continuous, 
then Mq |J Mi (in particular [J Mj G .^')- 



[Why? Let M^ = Mj, without loss of generality (Mj : z < ^) is not eventually 

constant and so without loss of generality i < 9 ^ Mi ^ Mj_|_i hence ||Mj|| > |i|; 
(this helps below to get "reasonable", i.e. \Ii\ — \\Mi\\ for limit i). We choose by 
induction on z < ^, a directed partial order /j and Ms for s E li such that: 

03 (a) {Ms : s e li) witness Mi G K' 

(6) for j < i, Ij C li and (/j, /i, (Mg : s G li)) witness Mj Mj 
(c) li is of cardinality < ||Mi|| 




24 



SAHARON SHELAH 



(d) if li \= s < t and j < i,t ^ Ij then s G Ij 
For z = use the definition of Mq G K' . 

For i Umit let /j := Ij (and the aheady defined M^'s) are as required because 

j<i 

Mi — Mj and the induction hypothesis (and < \\Mi\\ as we have assumed 
above that j < i ^ Mj ^ Mj+i) . 

For i = j + 1 use the proof of Ax. II above with Mj, Mi, Mi, {Mg : s G Ij) here 
serving as Mq, Mi, M2, {Mj : s E Iq) there, that is, we use ®2 from there. Now for 
i = 9, (Ms : s e le) witness Me G K' and (/j, le, {Ms : s e le)) witness Mi Mq 
for each i < 9.] 

Axiom IV : Assume 9 is regular and (Mi : i < 9) is < ^-increasingly continuous, 
M e K' audi < 9 ^ Mi M and Me ^ [j Mi (so Me C M). Then Me <a' M. 

i<e 

[Why? By the proof of Ax.III there are {Ma : s e li) ior i < 9 satisfying clauses 
(a),(b),(c) and (d) of (8)2 there and without loss of generality fl ^ = 0. For each 
i < ^ as Mi M there are Ji and Mg for s G Ji\Ii such that {li, Ji, {Mg : s G 

Ji)) witnesses it; without loss of generality with {[^ li)^ {Ji\Ii : i < 9) a sequence 

i<e 

of pairwise disjoint sets; exist by ®2 above. Let / := \^ li, let i : I ^ 9 he 

\{s) = Min{z : s G li} and recall |/| < \\Me\\ hence by clause (d) of ®2 we have 
s <i t ^ i(s) < i{t) and let h he a one-to-one function from / into Me- Without 
loss of generality the union below is disjoint and let 

(*)7 J := lu{{A, S) : A a finite subset of M and S a finite subset of / with a maximal element}. 

ordered by: J\=x<yiSx,yEl,I\=x<y or xEl,y = {A, S) G J\I and x E S 
OTx= {A\S^) G J\I, y = {A^, S^) G J\I, A^ C A^, C S^. 

We choose Ny for y G J as follows: 

If y G / we let Ny = My. 

By induction on n < c^;, if y = {A, S) G J\I saisfies n = |^| -|- l^l, we choose the 
objects Ny, ly^sT Jy,s for s G 5 such that: 

®3(a) ly^s is a directed subset of of cardinality < A 
(6) Jy^s is a directed subset of Ji(s) of cardinality < A 

(c) s G for s G (follows from the definition of i(s)) 

(d) ly^s ^ Jy,s for s G 5 and for s <i t from S we have ly^g ^ Iy,t & Jy,s ^ Jy,t 
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(e) if yi = (Ai, Si) e J\I, {Ai, Si) <j {A, S) and s e Si then 

Iyi,s Q Iy,si Jyi,s Q Jy,s 

if) Ny= \J Mt for any s e 5 

(g) A C Mt for some t e Jy^g for any s E S, hence A C Ny. 

No problem to carry the induction and check that {I,J,{Ny : y E J)) witness 
Me <R, M. 

Axiom V : Assume Nq <si> M and Ni M. 
If NqCNi, then Nq <si' iVi- 

[Why? Let (/o, Jo, {M^ : s e Jo)) witness Nq <ii' M. Let {M} : s e h) witness 
A^i e ^' and without loss of generality /i is isomorphic to ([A''i]<^", C) and let hi 
be an isomorphism from Ii onto ([A'"i]'^^°, C). Now by induction on n, for s E Ii 
satisfying n = \{t : t s}\ we choose directed subsets Fo(s),Fi(s) of /o,/i 
respectively, each of cardinality < A such that: 

(i) h{s) e Fi{s) and t </, s =^ Fo{t) C Fo{s) & Fi{t) C Fi{s) 
(ii) U{M0 : t e Fois)} = \J{M^ : t e Fi(s)} n Nq. 

Now replacing Mg by U{M/ : t e -Fi(s)} and letting F = Fq we get: 

(m) t e Ii A s e F{t){C Jo) =^ M° C Ml 
(iv) F is a function from Ii to [Iq]-^ 

(v) for s e /i,F(s) is a directed subset of /q of cardinality < A, n A^o = 
U{M0 : t e F(s)} and /i ^ s < t ^ F{s) C F(t). 

As ATi <^ M by the proof of Ax. II, i.e., by 02 above we can find Ji and M^ for 
s e Ji\/i such that (/i, Ji, {M} : s e Ji)) witnesses A^i M. We now prove 

^4 ii r e Ii,s e Iq and s e F{r) then M° M^. 

[Why? As (Mf : s G Jq), {M} : s G Ji) are both witnesses for M e K', clearly for 
r G /i we can find Jo{r) C Jg directed of cardinality < A and Ji(r) C Ji directed 
of cardinality < A such that r G J{(r),F(r) C J^(r) and |J M° = |J 

t€J^(r) teJ{(r) 

caU it M;. 

Now M* e K[ = Kx (by part (2) and 1.7) and t G J((r) ^ M^^ M* (as 
is a A-abstract elementary class applying the parallel to observation 1.7, i.e., 
1.21(2)) and similarly t G Jo(r) => <ii^ M*. Now the s from satisfied 
s G F(r) C Jo(r) hence C (why? by clause (iii) above s G F{r) is as 
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required in KI4). But above we got M° <^ M;, <^ M;, so by Ax.V for Six we 
have M° <^ as required in KI4.] 

Without loss of generahty /q fl /i =0 and define the partial order J with set 
of elements Iq U Ii hj J \= x < y iS x,y E Iq, lo \= x < y or x E lo^y E Ii 
and X e F{y) or x,y & Ii, Ii \^ x < y. Recalling clause (c) above, it is a partial 
order. Define Mg for s e J as M° if s e /q and as ii s E h. Now check that 
(Jo 5 (-^s : s e J)) witnesses A^o Ai as required.] 

Axiom VI : LS{^') = A. 

[Why? Let M e K' , A C M,\A\ + \ < < \\M\\ and let {M^ : s e J) witness 
M e K'. As ||M|| > /i we can choose a directed / C J of cardinality < such that 
A C M' := y Ms and so (J, J, (M^ : s e J)) witnesses M' M, so as ^ C M' 

sei 

and ||M'|| < |A| + we are done.] □1.23 

We may like to use .^<a instead of Kx; no need as essentially ^ consists of two parts 
K<x and K>x which have just to agree in A. That is 

1.24 Claim. Assume 

(a) is an abstract elementary class with A = LS(.ft"^), = Kl,^ 

(b) ^%^x '^^ ^ (— ^)-0'bstract elementary class (defined as in 1.18(1) with the 
obvious changes so M E =^ ||M|| < A and in Axiom III, \\ Mj|| < A 

i 

is required) 

(c) Kl = Kl and \ Kl =<^i \ Kl 

(d) we define ^ as follows: K = D K'^ ,M <r N iff M <^i N or M N 
or for some M',M <^2 M' <^i N. 

Then ^ is an abstract elementary class and LS(.^) = LS(.^^) which trivially is < X. 

Proof. Straight. E.g. 

Axiom V : We shall use freely 

(*) ^<;^ = ^2 aj^j ^ 
So assume A^o <A M, Ni <^ M, Nq C Ni. 

Now if ||Ao|| > A use assumption (a), so we can assume ||Ao|| < A. If ||M|| < A 
we can use assumption (b) so we can assume ||M|| > A and by the definition 
of <si there is Mq e Kl = Kl such that Nq <^2 M(, <^i M. First assume 
||Ai|| < A, so we can find M[ e K\ such that Ai <^2 M( <^i M (why? if 
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^1 e K^x, by the definition of <^ and if Ni e Kx just choose M[ = Ni). Now 
we can by assumption (a) find M" e Kl such that MqUM[C M" <^i M, hence 
by assumption (a) (i.e. AxV for we have M'^ <^i M",M[ <^i M", so by 
assumption (c) we have <^2 M",M[ <^2 M" . As A^o Mq <^2 M" e ii:<A 
by assumption (b) we have A'o <^2 M", and similarly we have A^i <^2 M". So 
No C Ni, Nq <^2 M", A^i <^2 M' so by assumption (b) we have Nq <^2 Ni hence 
A^o <^ ATi. 

We are left with the case ||A^i|| > A; by assumption (a) there is A"( e Kx 
such that A'o ^ N[ <^i A^i. By assumption (a) we have N[ M, so by the 
previous paragraph we get A'o A^{, together with the previous sentence we have 
Ao <ii2 A^( <^i A^i so by the definition of <ji we are done. □1.24 

Recall 

1.25 Definition. If M e Kx is locally superlimit or just pseudo superlimit let 
K[M] = k[^^ ={N e Kx: M},^[m] = 4"^^ = (i^[M],<^r and let 

be the M.' we get in 1.23(1) for ^ = R^m] = -^ST^- We may write ^x[M],M.[M]. 

Trivially 

1.26 Claim. 1) If ^ is an A-a.e.c, M G Kx is locally superlimit or just pseudo 
superlimit then ^[m] is a A-a.e.c. which is categorical (i.e. categorical in X). 

2) Assume ^ is an a.e.c. and M E ^x is not <^- maximal. M is pseudo superlimit 
(in ^, i.e., in ^x) iff -^[m] is a X-a.e.c. which is categorical iff ^^^^ is an a.e.c, 
categorical in X and <^[m]=<^ \ K^^^. 

3) In (1) and (2), LS(.^[^1) = A = Min{||Ar|| : A^ e ^[^1}. 



Proof. Straightforward. ni.26 

1.27 Exercise : Assume is a A-a.e.c. with amalgamation and stability in A. Then 
for every Mi e Kx,Pi G ^^(Mi) we can find M2 G K and minimal p2 G e5^i?(M2) 
such that Ml <^ M2,pi = P2 \ Mi. 

1.28 Exercise : 1) Any -embedding /o of Mg into Mg can be extended to an 
isomorphism / from M} onto M| such that f{M^J ^la: /"H^la+i) <J^a 
M2q,_i_i for every a < S, provided that 

® (a) ^x is a A-a.e.c. and 5 is a limit ordinal < A"*" 

(6) (M^ : a < 5) is -increasing continuous for £ = 1,2 

(c) is an amalgamation base in ^x i^or a < d and £ — 1,2) 

(d) M^j^^ is <^;^ -universal extension of M^ for a < 5, £ = 1, 2. 
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2) Write the axioms of "a A-a.e.c." which are used. [Hint: Should be clear, and the 
argument appear.] 
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§2 Good Frames 

We first present our central definition: good A-frame (in Definition 2.1). We are 
given the relation "p e y{N) does not fork over M <^ N when p is basic" (by 
the basic relations and axioms) so it is natural to look at how well we can "lift" 
the definition of non-forking to models of cardinality A and later to non-forking of 
models (and types over them) in cardinalities > A. Unlike the lifting of A-a.e.c. 
in Lemma 1.23, life is not so easy. We define in 2.4, 2.5, 2.7 and we prove basic 
properties in 2.6, 2.8, 2.10 and less obvious ones in 2.9, 2.11, 2.12. This should 
serve as a reasonable exercise in the meaning of good frames; however, the lifting, 
in general, does not give good /i-frames for fi > X. There may be no M G at all 
and/or amalgamation may fail. Also the existence and uniqueness of non-forking 
types is problematic. We do not give up and will return to the lifting problem, 
under additional assumptions in IV§12 and [Sh 842]. 

In 2.15 (recalling 1.26) we show that the case ".^^ categorical in A" is not so rare 
among good A-frames; in fact if there is a superlimit model in A we can restrict 
to it. So in a sense superstability and categoricity are close. For elementary classes 
they are less close and note that if T is a complete first order superstable theory 
and A > 2l^l, then the class ^ = M.t,x of A-saturated model of T is in general not 
an elementary class (though is a PCa class) but is an a.e.c. categorical in A and for 
some good A-frame 5, Kg = ^t,x- How justified is our restriction here to something 
like "the A-saturated model"? It is O.K. for our test problems but more so it is 
justified as our approach is to first analyze the quite saturated models. 

Last but not least in 2.16 we show that one of the axioms from 2.1, i.e., (E)(i), 
follows from the rest in our present definition; additional implications are in Claims 
2.17, 2.18. Later "Ax(X)(y)" wiU mean (X)(y) from Definition 2.1. 

Recall that good A-frame is intended to be a parallel to (bare bones) superstable 
elementary class stable in A; here we restrict ourselves to models of cardinality A. 

2.1 Definition. We say s = (J^, [JJ, ^;^") = (i^^ UP, ^^i"") is a good frame in A 

A s 

or a good A-frame (A may be omitted when clear, note that A = A^ = A(s) is 
determined by s and we may write ^g{M) instead of ^^^s (M) and tps(a, M, A^) 
instead of tpi^. (a, M, A) when M e AT^, A e K^; we may write tp(a,M, A) for 
tp^s (a, M, A)) when the following conditions hold: 

(A) K — (A, <^) is an abstract elementary class also denoted by ^[s], the 

Lowenheim Skolem number of ^, being < A (see Definition 1.4); there is no 

harm in assuming M e K =^ ||M|| > A; let M.s = <s=<.st -^A; and 

let = (Kx, <b) and ^[s] = so we may write s = (^s, ijl, ^J"') 

s 
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(B) K has a superlimit model in A which^ is not <^-maximal. 

(C) has the amalgamation property, the JEP (joint embedding property), 
and has no <^-maximal member. 

{D){a) = (the class of basic types for ^x) is included in 

[j{y{M) : M e Kx} and is closed under isomorphisms including automor- 
phisms; for M e Kx let y^^{M) = fl y{M); no harm in allowing 
types of finite sequences, i.e., replacing y{M) by y<'^{M), {y^{M)) is 
different as being new (= non-algebraic) is not preserved under increasing 
unions) . 

(6) if p G y^^'iM), then p is non-algebraic (i.e. not realized by any a G M). 
(c) (density) 

if M <^ N are from Kx and M N, then for some a G N\M we have 
tp(a,M,iV) G 

[intention: examples are: minimal types in [Sh 576], regular types 
for superstable first order (= elementary) classes]. 

{d) bs-stability 

y^%M) has cardinality < A for M G Ka. 

{E){a) yj denoted also by |JJ or just QJ, is a four place relation-^" called non-forking 
A s 

with (JJ(Mo,Mi,a, Ms) implying Mq <^ Mi <^ M3 are from Kx,a G 
M3\Mi and tp(a,Mo,M3) G ^^"(Mq) and 

tp(a,Mi,M3) G y^^{Mi). Also (JJ is preserved under isomorphisms and 

we demand: if Mq = Mi <^ M3 both in Kx and a G M3, then: 
U(Mo,Mi,a,M3) is equivalent to "tp(a,Mo,M3) G y^^Mo)" . The asser- 

M3 

tion lJJ(Mo, Ml, a, M3) is also written as Mi {\j a and also as "tp(a. Mi, M3) 

Mo 

does not fork over Mq (inside M3)" (this is justified by clause (b) below). 
So tp(a. Ml, M3) forks over Mq (where Mq <s Mi <s M3, a G M3) is just 
the negation 

[Explanation: The intention is to axiomatize non-forking of types, 
but we already commit ourselves to dealing with basic types only. 



in fact, the "is not <j^-maximal" follows by (C) 

°we tend to forget to write the A, this is justified by 2.6(2), and see Definition 2.5 



CATEGORICITY IN ABSTRACT ELEMENTARY CLASSES 



31 



Note that in [Sh 576] we know something on minimal types but other 
types are something else.] 

(b) (monotonicity) : 

if Mo <^ <si M[ <si Ml <^ Ms <^ M^, Mi U {a} C M^^' <^ 
M^ all of them in Kx, then [U(Mo, Mi, a, M3) \\}{M(), M[, a, M^^) and 

(JJ(M^, M[, a, M^) =^ IJJ(M^, M[, a, M^'), so it is legitimate to just say "tp(a, Mi, M3) 

does not fork over Mq" . 

[Explanation: non-forking is preserved by decreasing the type, in- 
creasing the basis (= the set over which it does not fork) and increasing 
or decreasing the model inside which all this occurs. The same holds 
for stable theories only here we restrict ourselves to "legitimate", i.e., 
basic types. But note that here the "restriction of tp(a, Mi,M3) to 
M[ is basic" is worthwhile information.] 

(c) (local character) : 

if {Mi : i < 5 +1) is <^-increasing continuous in ^\,a E M5+1 and 

tp(a, Ms, Ms+i) e y^^{Ms) then for every i < 6 large enough tp(a, Ms, Ms+i) 

does not fork over Mj. 

[Explanation: This is a replacement for superstability which says 
that: if p e -^(^) then there is a finite B C A such that p does not 
fork over B.] 

(d) (transitivity) : 

if Mo <s M^ <s M^' <s Ms are from Kx and a G M3 and tp(a, M^', M3) 
does not fork over Mq and tp(a, Mq, M3) does not fork over Mq (all models 
are in Kx, of course, and necessarily the three relevant types are in y^^), 
then tp(a, Mq , M3) does not fork over Mq 

(e) uniqueness : 

if p,qe y^^Mi) do not fork over Mq <^ Mi (all in Kx) and 
p \ Mq = q \ Mq then p = q 

(/) symmetry : 

if Mq <^ M3 are in ^x and for £ = 1, 2 we have 

a£ G M3 and tp(a^, Mq, M3) G y^^{Mo), then the following are equivalent: 

(a) there are Mi, Mf^ in Kx such that Mq Mi <^ M!^, 

ai G Ml, M3 <^ M^ and tp(a2. Mi, M^) does not fork over Mq 
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{p) there are M2, in Kx such that Mq M2 M^^, 

02 e M2, M3 <^ M3 and tp(ai, M2, M3) does not fork over Mq. 

[Explanation: this is a replacement to "tp(ai, MqU {a2}, M3) forks 
over Mq iff tp(a2,Mo U {ai},M3) forks over Mq" which is not well 
defined in our context.] 

(g) exteusiuu existence : 

if M <^ AT are from Kx and p e y^%M) then some q e =5^^^(iV) does not 
fork over M and extends p 

(h) continuitv : 

if {Mi : i < S) is <^-increasing continuous, all in Kx (recall 6 is always a 
limit ordinal), p e y{Ms) and i < 6 ^ p \ Mi e ^^''{Mi) does not fork 
over Mo then p e y^^{Ms) and moreover p does not fork over Mq. 

[Explanation: This is a replacement to: for an increasing sequence 
of types which do not fork over A, the union does not fork over A; 
equivalently if p forks over A then some finite subtype does.] 

(i) non-forking amalgamation : 

if for i = 1,2, Mo <R Mi are from Kx, G MAMq, tp(a^, Mo, M^) e 
^'''^(Mo), then we can find /i, /2, M3 satisfying Mq <^ M3 G T^Ta such that 
for £ = 1,2 we have fi is a < ^-embedding of M^ into M3 over Mo and 
tp(/£(a£), /3-KM3-£), M3) does not fork over Mq for £=1,2. 

[Explanation: This strengthens clause (g), (existence) saying we 
can do it twice so close to (f), symmetry, see 2.16.] 



* * * 

2.2 Discussion : 0) On connections between the axioms see 2.16, 2.17, 2.18. 
1) What justifies the choice of the good A-frame as a parallel to (bare bones) super- 
stability? Mostly starting from assumptions on few models around A in the a.e.c. ^ 
and reasonable, "semi ZFC" set theoretic assumptions (e.g. involving categoricity 
and weak cases of G.C.H., see §3) we can prove that, essentially, for some (JJ, y the 

demands in Definition 2.1 hold. So here we get (i.e., applying our general theorem 
to the case of 3.4) an alternative proof of the main theorem of [Sh 87a], [Sh 87b] 
in a local version, i.e., dealing with few cardinals rather than having to deal with 
all the cardinals A, A"*"^, A"*"^, . . . , A"*""^ as in [Sh 87a], [Sh 87b] in an inductive proof. 



CATEGORICITY IN ABSTRACT ELEMENTARY CLASSES 



33 



That is, in [Sh 87b], we get dichotomies by the omitting type theorem for countable 
models (and theories). So problems on 'i^n are "translated" down to ^^n-l (increas- 
ing the complexity) till wc arrive to Kq and then "translated" back. Hence it is 
important there to deal with Kq, . . . , together. Here our A may not have special 
helpful properties, so if we succeed to prove the relevant claims then they apply to 
A""", too. There are advantages to being poor. 

2) Of course, we may just point out that the axioms seem reasonable and that 
eventually we can say much more. 

3) We may consider weakening bs-stability (i.e., A:^{D){d) in Definition 2.1) to 
M e Kx =^ \,y''^^{M)\ < A+, we just have not looked into it here; Jarden-Shelah 
[JrSh 875] will; actually Chapter I deals in a limited way with this in a more re- 
stricted framework. 

4) On stability in A and existence of (A, cr)-brimmed extensions see 4.2. 

From the rest of this section we shall use mainly the defintion of K^'^^ in Defi- 
nition 2.4(3), also 2.20 (restricting ourselves to a superfimit). We sometimes use 
implications among the axioms (in 2.16 - 2.18). The rest is, for now an exercise to 
familiarize the reader with A-frames, in particular (2.3-2.15) to see what occurs to 
non-forking and basic types in cardinals > A. This is easy (but see below). For this 
we first present the basic definitions. 

2.3 Convention. 1) We fix s, a good A-frame so K — , — y^^. 
2) By M e K we mean M e K>\ if not said otherwise. 

Wc lift the properties to by reflecting to the situation in Kx. But do not 
be too excited: the good properties do not lift automatically, we shall be working 
on that later (under additional assumptions). Of course, from the definition below 
later we shall use mainly K^' ^ — K^' ®. 

2.4 Definition. 1) 




■3,bs 
>s • 



(M, iV, a) :M <^ iV, a e N\M and there is M' <^ M 



satisfying M' e Kx, such that for every M" e Kx we have: 
[M' <^ M" <^M^ tp(o, M", N) e ^^'(M") 
does not fork over M']; equivalently [M' <^ M" <^ M 
& M" <^ N" <iiN k N" eKx k ae N" 
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3) kI'*'' := K^'^'^; and let K^'^' = ^=m'' used mainly for /i = and is 
defined naturally. 



2.5 Definition. We define IJJ (Mo,Mi,a, M3) (rather than (JJ) as follows: it 

< 00 A 
holds iff Mq <ji Ml <^ M3 are from K (not necessarily -RTa)? ^ G M3\Mi and there 
is <^ Mo which belongs to Kx satisfying: if Mq <^ M{ <^ Mi, M[ e Ka, 
M{ U {a} C M^ <^ Ms and M^ e then [U(M^, M{, a, M^). 

A 

We now check that \\) behaves correctly when restricted to Kx. 
< 00 



2.6 Claim. 1 ) Assume M <^ N are from Kx and ae N. Then (M, A^, a) G Kg'"" 
ifftp{a,M,N)ey^%M). 

2) Assume Mq, Mi, M3 e Kx and a e M3. Then \\} (Mq, Mi, a, M3) iff 

< 00 

yj(Mo,Mi,a,M3). 
A 

3) Assume M <^ Ni <^ N2 and a e Ni. Then 

(M, iVi, a) e ^ (M, iV2, a) e . 

Assume Mo <^ Mi <^ M3 <^ M3* anc/ a e M3 ^/len; (^0, Mi, a, M3) iff 

< 00 

U (Mo,Mi,a,M3*). 
< 00 



Proof. 1) First assume tp(a, M, iV) G y^''{M) and check the definition of (M, iV, a) G 
K^'bs. Clearly M <^ A^, a G iV and a G N\M; we have to find M' as required in 
Definition 2.4(1); we let M' = M, so M' <^ M, M' G Ka and 



M' <^ M" <^ M & M" e Kx^ M" = M 

tp^, (a, M", N) = tp^, (a, M, AT) G ^,'^^(M) = y^\M") 



so we are done. 

Second assume (M, A^, a) G i^T*^'^^ so there is M' M as asserted in the defini- 
tion 2.4(1) of K^'bs so (VM")[M' M" <si M k M" eKx^ tp(a, M", A^) G 
^g^"(M")] in particular this holds for M" = M and we get tp(a, M, iV) G ^3^"(M) 
as required. 
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2) First assume QJ (Mq, Mi, a, M3). 
< 00 

So there is Mq as required in Definition 2.5; this means 

Mq e Kx,Mq <a Mo and 



(VM( e Kx){yM^ e i^A)[K M{ < Ml & M{ U {a} C M^^ <^ M3 

^LPM,Af(,a,M^)]. 
A 

In particular, we can choose M( = Mi,M3 = M3 so the antecedent holds hence 
UJ(M^, M{, a, M^) which means lJj(M^, Mi, a, M3) and by clause {E){b) of Definition 
A A 
2.1, yj(Mo, Ml, a, M3) holds, as required. 
A 

Second assume yj(Mo, Mi, a, M3). So in Definition 2.5 the demands Mq <^ 
A 

Ml <^ M3, a e M3\Mi hold by clause {E){a) of Definition 2.1; and we choose M^ 
as Mo; clearly M^^ e Kx & M^ <^ Mo. Now suppose M^ <^ M{ <^ Mi & 
M{ G i^A,M{ U {a} <si M^ < M3; by clause iE){b) of Definition 2.1 we have 
|JJ(M^, M[, a, M^); so M^ is as required so really (JJ (Mo, Mi, a, M3). 
A < 00 

3) We prove something stronger: for any M' e which is <^[s] M, M' witnesses 
(M, A^i, a) G i^^'*^^ iff M' witnesses (M, N2,a) G K^'^^ (witness means: as required 
in Definition 2.4). So we have to check the statement there for every M" G Kx such 
that M' <s M" <A M. The equivalence holds because for every M" <si M, M" G 
Kx we have tp(a, M", A^i) = tp(a, M", A^2), by 1.11(2), more transparent as ^x has 
the amalgamation property (by clause (C) of Definition 2.1) and so one is "basic" 
iff the other is by clause {E){b) of Definition 2.1. 

4) The direction <^ is because if Mq witness QJ (Mo,Mi,a, M3) (see Definition 

< 00 

2.5), then it witnesses (JJ (Mq, Mi, a, M3) as there are just fewer pairs (M{, Mg) 

< 00 

to consider. For the direction =^ the demands Mo <si Mi <^ M3, a G M3\Mi, of 

course, hold and let Mq be as required in the definition of (JJ (Mo, Mi, a, M3); let 

< 00 

M^ <^ M[ <^ Ml, M( U {a} C Mf^ <^ M3*, M!^ G Kx- As A > LS(i^) we can find 
<^ M3 such that M[ U {a} C M^' G Kx and then find M^' <s Mg* such that 
M^ U M^' C Mf G Ka- So by the choice of M^ and M^' clearly yj(M^, M[,a, M^) 

A 

and by clause {E){h) of Definition 2.1 we have 
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AAA 

(note that we know the left statement and need the right statement) so M[ is as 

required to complete the checking of (JJ (Mq, Mi, a, M|). □2.6 

< 00 

We extend the definition of y^^{M) from M e Kx to arbitrary M e K. 
2.7 Definition. 1) For M e K we let 



y^%M) = y^l{M) = <; p G J?^(M) : for some N and a, 



3,bs 



p = tp(a, M, N) and (M, iV, a) e K^^ 



(for M e wc get the old definition by 2.6(1); note that as we do not have 
amalgamation (in general) the meaning of types is more delicate. Not so in as 
in a good A-frame we have amalgamation in Kx but not necessarily in K.>x)- 

2) We say that p e y^^Mi) does not fork over Mq <^ Mi if for some M3, a we 

have 

P = tp^[5](a,Mi,M3) and {]} (Mq, Mi, a, M3). (Again, for M e Kx this is 

< 00 

equivalent to the old definition by 2.6). 

3) For M G -ftT let S"^ be the following two-place relation on ^(M) : pi<S'^[P2 iff 
Pi,P2 G y'^^iM) and if = tp(a^, M, M*), <^ M,N e Kx then pi \ N ^ p2 \ 
N. Let = (^M^'^ \ y°\M). 

4) K is (A, //)-local if every M G is A-local which means that Sji^ is equality; let 
(s, //)-local means (A^, //)-local. 

Though we will prove below some nice things, having the extension property is 
more problematic. We may define "the extension" in a formal way, for M G Kyx 
but then it is not clear if it is realized in any <j5-extension of M. Similarly for 
the uniqueness property. That is, assume Mq <si M <^ Ni and ai G Ni\M, and 
Mq G Ks and tp(a^, M, Ng) does not fork over Mq for £ = 1,2 and tp(ai, Mq, Ni) = 
tp(a2,Mo,iVi). Now does it follow that tp(ai,M,iVi) = tp(a2, M, iV2)? This re- 
quires the existence of some form of amalgamation in K, which we are not justified 
in assuming. So we may prefer to define y^'^(M) "formally", the set of stationar- 
ization of p G ^''"(Mq), Mq G i^s, see [Sh 842]. We now note that in definition 2.7 
"some" can be replaced by "every" . 
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2.8 Fact. 1) For M e K 

|p e y^[s]{M) : for every N, a 

we have: if M <^ iV, a G N\M and 
p = tp^(a, M, TV) then (M, N, a) e i^l'^'j . 

2) The type p e ^^[s](Mi) does not fork over Mq <^ Ml iff for every a, il^fs 

satisfying Mi <^ M3 e a e M3\Mi and p = tp^[s](a, Mi, M3) we have 

(J (Mo, Ml, a, Ms). 
< 00 

3) (M, N, a) e i^>s ^ is preserved by isomorphisms. 

4) If M <^ Ar^,a£ e iVA^ for £ = 1,2 and tp(ai, M, iVi)<fj^tp(a2, M, TVs) then 
(M, iVi, ai) e i^lf ^ (M, iV2, 02) G K|f . 

5) is an equivalence relation on ^>|(M) and if g e =5^>|(M) do not fork over 
N e Kx so N <si M then p^j^g 4=^ AT = g f AT). 

Proof. 1) By 2.6(3) and the definition of type. 

2) By 2.6(4) and the definition of type. 

3) Easy. 

4) Enough to deal with the case (M, Ni,ai)E^, (M, N2, 02) or (by (3)) even ai = 
02, -^1 <i? -^2- This is easy. 

5) Easy, too. 02.8 
We can also get that there arc enough basic types, as follows: 

2.9 Claim. IfM <^ N andM ^ N, then for some a e N\M we have tp^(a, M, N) e 



Proof. Suppose not, so by clause (-D)(c) of Definition 2.1 necessarily ||A^|| > A. If 
||M|| = A < ||A^|| choose A^' satisfying M <^ A^' <^ A^, A^' G Kx and by clause 
{D){c) of Definition 2.1 choose a* G N'\M such that tps(a*, M, A^') G ^J^"(M). 
So we can assume ||M|| > A; choose a* G N\M. We choose by induction on 
i < u), Mi, Ni, Mi^c (for c G Ni\Mi) such that: 

(a) Mi <^ M is <^-increasing 
(6) M, G 
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(c) Ni N is <^-increasing 

(d) m e Kx 

(e) a* e No 
if) M, <^ 

(g) if c e iVi\M, tps(c,Mi,iV) e ^J''(Mj) and there is M' e i^A such that 
Mi <fi M' <^ M and tps(c, M', iV) forks over Mi then Mj,c satisfies this, 
otherwise Mj^c = -^i 

{h) Mi+i includes the set |J Mj^c U (Ni n M). 

There is no problem to carry the definition. Let M* — \^ Mi and N* — \^ N^. It 

is easy to check that: 

(i) Mi <si M* <^ M for i < 
(by clause (a)) 

(ii) M* e Kx 

(by clause (i) we have M* e K and ||M*|| = A by the choice of M* and 
clause (b)) 

{in) Ni <^ N* <fiN 
(by clause (c)) 

(iv) N* G Kx 

(by clause (iii) we have N* e K and ||iV*|| = A by the choice of N* and 
clause (d)) 

{v) Mi <^ M* <^ N* <^ N 

(by clauses (a) + (f ) + (iii) we have Mj <^ N* hence by clause (a) and the 
choice of M* we have M* <^ iV*, and N* <^ N by clause (in)) 

(vi) M* = N*nM 

(by clauses (f) + (h) and the choices of M*, N*) 

{vii) M * ^ iV* 

(as a* e N\M and a* G A^o A^* <^ N and M * = A^* n M ; 

they hold by the choice of a* , clause (e), choice of N* , clause (iii) and clause 

(vi) respectively) 

{viii) there is b* e N*\M* such that tp(6*, M*, A^*) G y^%M*) 
[why? by Definition 2.1 clause (D)(c) (density)] 

(ix) for some z < a; we have lJJ(Mj, M*, b*,N*), so 

tp(6*,M*, A^*) G ^j^^(M*) and tps{b* , Mj, N*) G =^j''(Mj) for j G [i,a;) 
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[why? by Definition 2.1 clause {E){c) (local character) applied to the se- 
quence {Mn : n < a;)^(M*, AT*) and the element b*, using of course (E)(a) 
of Definition 2.1 and clause (viii)] 

(x) Wj{Mi,Mi,b*,b*,N*) 

[why? by clause (ix) and Definition 2.1(E) (b) (monotonicity) as 
Mi <^ Mi^h* <^ Afj+i <^ M* by clause (g) in the construction] 

(xi) if Mi <^ M' <^ M and M' U {b*} C AT' <^ AT and M' e Kx, N' e Kx 
then |JJ(Mi,M',&*,iV') 

[why? by clause (x) and clause (g) in the construction.] 
So we are done. 02.9 

2.10 Claim. If M <^ N,a e N\M, and tp{a,M,N) e =5^||(M) then for some 
Mq <^ M we have 

(a) Mo e Kx 

(b) tp{a,Mo,N)ey^%Mo) 

(c) if Mo <^ M' <^ M, then tp(a, M', N) e y^%M') does not fork over Mo- 



Proof. Easy by now. 

2.11 Claim. 1) Assume Mi <a M2 and p E .^^^(Ma). Then p G ^^(Ma) and p 
does not fork over Mi iff for some Ni <^ Mi, Ni e Kx and p does not fork over 

Ni iff for some Ni <^ Mi, Ni e Kx and we have (ViV)[iVi <^ N <^ M2 & iV G 
Kx =^ p \ N e y^''{N) & {p \ N does not fork over Ni)]; we call such Ni a 
witness, so every N[ e Kx,Ni <^ N[ < Mi is a witness, too. 

2) Assume M* e K and p E ^^^(M*). 

Then: p e =5^g(M*) iff for some N* <^ M* we have N* e Kx,p \ N* e y^%N*) 
and (V7V e Kx)iN* <a N <^ M* ^ p \ N e y^%N) and does not fork over N*) 
(we say such N* is a witness, so any N' e Kx, N* <^ N' <^ M is a witness, too). 

3) (Monotonicity) 

If Ml <^ M[ <si M^ <^ M2 and p G ^||(M2) does not fork over Mi, then 
p \ M^e y^l{M^) and it does not fork over M[. 

4) (Transitivity) 

If Mo <^ Ml <ii M2 and p G ^;^|(M2) does not fork over Ml and p \ Mi does 
not fork over Mq, then p does not fork over Mq. 

5) (Local character) If {Mi : i < d + 1) is <si-incr easing continuous and a G Ms+i 
and tp^(a, M§, M^+i) G y^\{Ms) then for some i < 5 we have tp^(a, Mg, Mg+i) 



40 



SAHARON SHELAH 



does not fork over Mi. 

6) Assume that {Mi : i < 5 -\- 1) is <^-increasing and p e y{Ms) and for every 
i <S we have p \ Mi e y^l{Mi) does not fork over Mq. Then p G y^l{Ms) and 
p does not fork over Mq. 



Proof. 1), 2) Check the definitions. 

3) As p e =5^>|(M2) does not fork over Mi, there is A^i e Kx which witnesses it. 
This same A^i witnesses that p \ M2 does not fork over M[. 

4) Let A'^o <si Mq witness that p \ Mi does not fork over Mq (in particular Nq G 
K\); let A^i <^ Mi witness that p docs not fork over Mi (so in particular A'^i G Kx). 
Let us show that A^o witnesses p docs not fork over Mq, so let G Kx be such that 
-^0 N <^ M2 and we should just prove that p \ N does not fork over Nq. We 
can find A^' <^ Mi, A^' G Kx such that A^o U A^i C A^', we can also find A^" <^ M2 
satisfying A^" G Kx such that N' U N C N" . As A^i witnesses that p does not fork 
over Ml, clearly p \ N" G S^^^{N") does not fork over A'^i, hence by monotonicity 
does not fork over N' . As A^o witnesses p \ Mi does not fork over Mq, clearly p \ N' 
belongs to S^^^{N') and does not fork over Nq, so by transitivity (in ^s) we know 
that p \ N" does not fork over Nq; hence by monotonicity p \ N does not fork over 
A^o. 

5) Let p = tp^(a, M5,M5+i) and let A^* M5 witness p G y^^M^). Assume 
toward contradiction that the conclusion fails. Without loss of generality cf(5) = 5. 

Case : WM^W < A(= A^). 
Trivial. 

Case 1 : S < A+, \\Ms\\ > A. 

As \\Ms\\ > A, for some i, \\Mi\\ > A so without loss of generality i < S ^ \\Mi\\ > 
A. We choose by induction on i < 6, models A^j, A^^' such that: 

(a) Ni G Kx 

(/?) Ni <^ Mi (hence Ni <^ M,- for j G [i, S)) 

(7) Ni is <^-increasing continuous 

(S) NleKx,N* <^Ar^ 

(e) AT, <^ at; <^ Ms, 

{() N[ is <^-increasing continuous 

{rf) p \ Nl forks over Ni when i ^ for simplicity 

{0) Ni U Ui<^(^i n M,+i) C AT.+i. 
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No problem to carry the induction, but we give details. 

First, if i = trivial. Second let z be a limit ordinal. 

Let Ni — U{Nj : j < i}, now Ni <^ Mi by clauses {(3) + (7) and ^ being a.e.c. 
and ||A^i|| = A by clause (a), as i < S < A"""; so clauses (a), (/?), (7) hold. Next, let 
Nl = U{A^j : j < i} and similarly clauses (5), (e), {() hold. Lastly, we shall prove 
clause (ry) and assume toward contradiction that it fails; so p \ does not fork 
over Ni in particular p \ Ni E S^^^{Ni) hence for some j < i the type p \ N[ does 
not fork over A^^ <^ A^j, (by (E)(c) of Definition 2.1) hence by transitivity (for .^g), 
p \ N[ does not fork over Nj hence by monotonicity p \ Nj does not fork over Nj 
(see (E)(b) of Definition 2.1) contradicting the induction hypothesis. 

Lastly, clause (9) is vacuous. 

Third assume i = j + 1, so first choose A''^ satisfying clause (9) (with j,i here 
standing for + 1 there), and (a), (/3), (7); this is possible by the L.S. property. 
Now Ni cannot witness "p does not fork over Mj" hence for some A^* G Kx we have 
Ni <^ N* <^ Ms and p \ N* forks over A^^; again by L.S. choose N^ e Kx such 
that AT/ <^ Ms and A^* U A^j U A^j U A^ * C N^, easily {Ni, AT/) are as required. 

Let Ns=[j Ni, so by clause (/?), (7) we have Ng <_s Ms and by clause (a), 

i<S 

as 5 < A+ we have A^^ G Kx and by clauses (6) + (9) in the construction we have 
i <5=> Nl^ U{Nl n Mj+i : j e [i,5)} C N so by clause (6), N* <^ A^^ <^ A^^. 
Hence by the choice of N*,p \ Ng G y^'^{Ns) and it does not fork over N*. Now as 
p \ Ng e y^^{Ng) by local character, i.e., clause {E){c) of Definition 2.1, for some 
i < S,p \ N5 does not fork over A^^ (so p \ Ni e y^^'iNi)). Now A^, N[ M5 
and by clause {9) of the construction N[ C Ng hence Ni N[ <^ Ns hence by 
monotonicity of non- forking (i.e. clause (E)(b) of Definition 2.1), p \ N^ e y^^'iNi) 
does not fork over Ni. But this contradicts the choice of N^ (i.e., clause (ry) of the 
construction) . 

Case 2 : S = d{S) > A. 

Recall that A^* Ms, N* is from Kx and N* <^ N <si Ms & A^ G a ^ 
p \ N e y^'^iN). Now as 5 = cf(5) > A > ||A^*|| clearly for some i < d we have 
A^* C Mi hence A^* <^ Mi (hence i < j < S ^ p \ Mj e y^l{Mj)), and A^* 
witnesses that p G y^^Ms) does not fork over Mi so we are clearly done. 
6) Let A^o e Kx, Nq <si Mq witness p \ Mq e y^^{MQ). By the proof of part (4) 
clearly i <5 & Nq <^ N e Kx & N <^ Mi ^ p \ N does not fork over A^o- If 
d{6) > A we are done, so assume cf(5) < A. Let A'o <i? N* e Kx & A^* <^ Ms, 
and we shall prove that p \ N* does not fork over A'o, this clearly suffices. As 
in Case 1 in the proof of part (5) we can find A^^ <^ Mi for i G (0, d) such that 
{Ni : i < 5) is <j^- increasing with i, each Ni belongs to ^x and N* fl Mj C A^^+i, 
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hence N* C iV^ := |J A^^. Now Ns <^ Ms and as said asi<6^p \ Ni^ ^>|(iV,) 

i<6 

does not fork over A'^o hence p \ Ns does not fork over A^o and by monotonicity p \ N 
does not fork over A^O; as required. 

□2.11 

2.12 Lemma. If /i = cf(/u) > A and M <^ A^ are in K^, then we can find 
<Si-representations M, N of M, N respectively such that: 

(?•) NinM = Mifori<p 
(u) if i < j < fj, & a e A^j then 

(a) tp(a, M„ N) e y^l{M,) ^ tp(a, M„ A^) e ^^|(M,) 

<S=> tp(a, M, A^) (iocs not fork over Mi 

4^ tp(a, Mj, A^) zs a non-forking extension o/tp(a, Mj, A^) 

(6) Mi <si Ni <si Nj and Mi Mj <^ A^^- 

(and obviously Mi <^ Nj and Mi <^ M, Mi <^ N,Ni<j^N). 

2.13 Remark. In fact for any representations M,7V of M, A?" respectively, for some 
club E oi ji the sequences M \ E,N \ E are as above. 

Proof. Let M be a <j:^-representation of M. For a & N we define Sa = {ct < 
p : tp(a, Mq,, A^) G ^>^(Ma)}. Clearly if 5 G S'a is a limit ordinal then for some 
i{a,d) < d we have z(a, 5) <i<5=^iGS'a & (tp(a,Mj,A^) does not fork 
over Mi^^ by 2.11(5). So if is stationary, then for some i{a) < jj, the set 
S'g^ = {S E Sa : ^(a, 5) = i{a)} is a stationary subset of A hence by monotonicity we 
have i{a) < i < /J. ^ tp(a, Mj, AT) does not fork over Mi(^a)- Let Ea be a club of // 
such that: if Sa is not stationary (subset of fx) then Ea H Sa = ^ and if 5'a is not 
stationary then Sa r\ Ea = 0- 
Let iV be a representation of N, and let 

E* = {6 < fx-.NsDM = Ms and <^ M, A^^ <^ N 
and for every a E Ns we have 5 G Ea}- 

Clearly it is a club of /j, and M \ E*,N \ E* are as required. □2.12 

* * * 

We may treat the lifting of K^'^^ as a special case of the "lifting" of to .ft>A = 
(.^a)^^ in Claim 1.23; this may be considered a good exercise. 
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2.14 Claim. 1) {K'-^ ^,<hs) is a X-a.e.c. 

^;(i^>f,<bs)^^(i^A'^^<bs)"p. 



Remark. What is the class in 2.14(1)? FormaUy let — {R[i] : R a predicate 
of TK,i = 1, 2} U : F a function symbolf rom tk} U {c} where is an re- 
place predicate when G r is an n-place predicate and similarly and c is an 
individual constant. A triple (M, N, a) is identified with the following r^-model 
N'^ defined as follows: 

(a) its universe is the universe of N 

(b) c^^ = a 

(c) Rf,; = R^ 

(d) Fg" = 

(e) Rf,; = R^ 
if) = F^ 

(if you do not like partial functions, extend them to functions with full domain by 
F{aQ, . . . ) = ao when not defined if F has arity > 0, if F has arity zero it is an 
individual constant, F^ — F^ so no problem). 



Proof. Left to the reader (in particular this means that K^'^^ is closed under <bs- 
increasing chains of length < A"""). 

Continuing 1.23, 1.26 note that (and see more in 2.20): 
2.15 Lemma. Assume 

(a) A is an abstract elementary class with LS(.^) < fx 

(b) K'^^ is a class of tk -model, K'^^ C K<i^ is non-empty and closed under 
<Si-increasing unions of length < and isomorphisms (e.g. the class of 
fx-superlimit models of if there is one) 

(c) define K' := {M E K : M is a <si-directed union of members of K'^} 

{d) let ^ = {K',<^\ K') so ts <si\ K', so i^'<^ := {K'^^,<^\ K'^^); or 
<si is as in 1.23(1), see 1.23(4). 



44 



SAHARON SHELAH 



Then 

(A) ^' is an abstract elementary class, LS(^) < LS(^') < fi 

(B) If jJi < \ and QJ, S^^'^) is a good X-frame and has amalgamation and 
JEP and M e ii'^^ ^s^'iM) = S^a{M), then (with 
restricted to ^ ) is a good X-frame 

(C) in clause (B), instead "M G ^ ^^/(M) = y^{M), it suffices to require: 
if M e M <siN e ^'^,p e y^\N),p does not fork over M and p \ M 
is realized in some M' , M <ii> M' then p is realized in some N' , N <^ A'"' e 



Remark. If in 2.15, i^^ is not closed under <^- increasing unions, we can close it 
but then the "so M.'^ = . . . " in clause (d) may fail. 



Proof. Clause (A) : As in 1.23. 

Clauses (B),(C) : Check. Da. 15 



* * * 

Next we deal with some implications between the axioms in 2.1. 

2.16 Claim. 1) In Definition 2.1 clause (E)(i) is redundant, i.e., follows from the 
rest, recalling 

{E){i) non-forking amalgamation : 

if fori = 1, 2, Mo <^ Me are in Kx, ae e Me\Mo, tp(a£, Mq, Me) e y^%Mo), 
then we can find /i, /a, M3 satisfying Mq <^ M3 G Kx such that for £ = 1,2 
we have fe is a <^-emhedding of M^ into M3 over Mq and tp{fe{ae) , /3_|(M3_£), M3) 
does not fork over Mq. 



2) In fact we use only Axioms (A),(C),(E)(h),(d),(f),(g) only. 
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Proof. By Axiom (E)(g) (existence) applied with tp(a2, Mq, M2), Mq, Mi here 
standing for p, M, N there; there is qi such that: 

(a) qi G y^\Mi) 

(b) qi does not fork over Mq 

(c) qi \Mo= tp(a2,Mo,M2). 

By the definition of types and as has amalgamation (by Axiom (C)) there are 
-^1 ) fi such that 

(d) Ml <^ iVi e Kx 

(e) /i is a <^-embedding of M2 into Ni over Mq 
(/) fi{o,2) realizes qi inside A^'i. 
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Now consider Axiom (E)(f) (symmetry) applied with Mq, Ni, ai, /i(a2) here stand- 
ing for Mo,M3,ai,a2 there; now as clause (a) of (E)(f) holds (use Mi^N\ for 
Ml, Mg) we get that clause (/3) of (E)(f) holds which means that there are A^2, N2 
(standing for M^,M2 in clause {(5) of (E)(f)) such that: 

{g) iVi <^ N2 e Kx 

(h) MoU{/i(a2)}CiV|<^iV2 

(i) tp(ai, N^,N2) e y^%N^) does not fork over Mq. 

As K\ has amalgamation (see Axiom (C)) and the definition of type and as 
tp(/i(a2),Mo,/i(M2)) = tp(/i(a2),Mo,iV2) = tp(/i(a2), Mq, iVI), we can find 
iV|, /2 such that 

U) <A Ni e Kx 

(k) j-2 is a <^-embeddingi^ of jxiM^) into over Mq U {/i(a2)}. 

As by clause (i) above tp(ai, iV|, iV2) e y^^iN^)-, so by Axiom (E)(g) (extension 
existence) there are A^s, /s such that 

(/) A^2 ATg e 

(m) /s is a <j^-embedding of into A^3 over A^^ 
ill) tp(ai, /3(A3*), A3) G ^'^'^(Ag*) does not fork over A|. 

By Axiom (E)(d) (transitivity) using clauses (i) + (n) above we have 

(o) tp(ai,/3(A3*), A3) e y'^^Nl) does not fork over Mq. 
Letting / = /3 o /2 o /i as /(M2) C h{Nl) by clauses (e), (A;), (m) we have 

(p) / is a <j?-embedding of M2 into A3 over Mq. 
By (E) (b) (monotonicity) and clause (o) and clause (p) 

{q) tp(ai, /(M2), A3) e ^"^^{j^M^)) does not fork over Mq. 

As tp(/i(o2), Ml, A3) = tp(/i(a2). Ml, Ai) = q\ does not fork over Mq by clauses 
(b) + (f), and j^Uiiai)) = hM by clause (k) and h{fi{a2)) = hM by clauses 
(m) + (h), we get 

(r) tp(/(a2). Ml, A3) e ^"^"(Mi) does not fork over Mq. 

So by clauses (o) and (r) we have idMi, fi N3 are as required on /i, /2, M3 in our 
desired conclusion. □2.16 



we could have chosen = N2, /2 = id/^(M2) 
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2.17 Claim. 1) In the local character Axiom (E)(c) of Definition 2.1 if = 
where (M) = {tp(a, M,N) : M <s N and a e N\M} then it suffices to re- 
strict ourselves to the case that S has cofinality i^o (i-e-, the general case follows 

from this special case and the other axioms). 

2) In fact inpart (1) we need only Axioms (E)(h),(h) and you may say (A),(D)(a),(E)(a). 

3) If = then the continuity Axiom (E)(h) follows from the rest. 

4) In (3) actually we need only Axioms (E)(c), (local character) (d), (transitivity) 
and you may say (A),(D)(a),(E)(a). 

Proof. 1), 2) Let (Mj : i < 5 + 1) be <i?^ -increasing, a G M5j^i\Ms and without 
loss of generality )kQ < 5 = cf(5), so for every a E S := {a < 5 : ci{a) — Kq}, 
tp(a, Mc,, M^+i) e y^''{M^) by the assumption "5^^" = hence there is (3^ < a 
such that tp(a, Mq,, M^+i) does not fork over Mf^^, so for some (3 < 5 the set 
-Si = {a e 5 : /3q, = /3) is a stationary subset of 5. By Axiom {E){h) (monotonicity) 
it follows that for any 71 < 72 from [(5,5) the type tp(a, M^^, M^+i) G ^^'*(M^J 
does not fork over M^^. Now for any 7 G [/?, 5) the type tp(a, M5, does not 

fork over M-y by applying {E){h) (continuity) to (Mq, : ck G [7, 5 + 1] so we have 
finished. 

3), 4) So assume (Mj : i < 5) is <^- increasing all in Kx and (5 is a limit ordinal, 
p G y{Ms) and pi := p \ Mi e y^^{Mi) does not fork over Mq for each i < 6; we 
should prove that p G y^^{Ms) and p does not fork over Mq. 

First, for each i < d,pi & y^^{Mi) hence pi is not realized in Mj. As Ms = 
U{Mi liKd} clearly p is not realized in Mg so p e y^^'iMs) = y^%Ms). 

Second, by Ax(E)(c) the type p does not fork over Mj for some j < 5. As 
Pj = p \ Mj does not fork over Mq (by assumption) by the transitivity Axiom 
{E){d), we get that p does not fork over Mq, as required. □2.17 

Remark. So in some sense by 2.17 we can omit in 2.1, the local character Axiom 
{E){c) or the continuity Axiom {E){h) but not both. In fact (under reasonable 
assumptions) they are equivalent. 

2.18 Claim. In Definition 2.1, Clause (E)(d), i.e., transitivity of non-forking fol- 
lows from (A),(C),(D)(a),(b),(E)(a),(b),(e),(g). 

Proof. As is an A-a.e.c. with amalgamation, types as well as restriction of types 
are not only well defined but are "rasonable" . 

So assume Mq <s M^ <s M^ <s Ms, a G M3 and p" := tps(a, M^', M3) 
does not fork over Mq and p' :— tpg{a, Mq, Ms) does not fork over Mq. Let 
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p — p' \ Mq. As p' does not fork over Mq, by Axfom {E){a) we have p' e =^^^(Mq) 
and p = tp(a, Mq, M3) = p' \ Mq befongs to y^^{Mo). As p" does not fork over 
clearly e y^^{Mll) and recall t M,^ = By the existence axiom {E){g) 
the type p has an extension q" G S^^'^{Mq) which does not fork over Mq. By the 
monotonicity Axiom (E)(b) the type q" does not fork over Mq and q' = q" \ Mq 
does not fork over Mq. As p' ,q' G y^^{MQ) do not fork over Mq and f Mq = p = 
Qf" t Mo = q' \ Mo, by the uniqueness Axiom Ax(E)(e), we have p' = q' . Similarly 
p" ~ q"i but q" does not fork over Mo hence p" does not fork over Mo as required. 
n2.i8 

2.19 Claim. 1) The symmetry axiom (E)(f) is equivalent to (E)(f)' and to (E)(f)' 
below if we assume (A),(B),(C),(D)(aO,(h),(E)(a),(h),(g) in Definition 2.1 

{E){fy there are no M£{£ < 3) and ae{£ < 2) such that 
(a) Mq <, Ml <, M2 <, M3 

(6) tp(a^, Mg, M^_|_i) does not fork over Mq for £ — 0,1,2 

(c) tp^(ao, Mq, Ml) = tp^(a2, Mq, M3) 

{d) tp3((ao,ai),Mo,Mi) ^tp^((a2,ai),Mo,Mi). 



Proof. Easy. 



A most interesting case of 2.15 is the following. In particular it tells us that the 
categoricity assumption is not so rare and it will have essential uses here. 

2.20 Claim. // s = QJ, y^^) is a good X-frame and M G K\ is a superlimit 

A 

model in and we define s' = s^^^ = s[M] = (.^[5!^]], ID [5!^]], [5!^]]) by 

A 

i^[s[^]] = see Definition 1.25 so ^,[m\ ^ ^ \ {N : N ^ M} 

yy[s[^]] = {(Mo, Ml, a, M3) G LU : Mo, Mi, M3 G K^} 
A A 

^bs[^[M]] ^ {tp^j^j(a,Mo,Mi) :Mo <^ Mi,Mo G k[''\ N e k[^^ 

and tp^(a,Mo,Mi) G ^^'(Mo)}. 
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Then 

(a) s' is a good X- frame 

(c) <^[,']^<a\ K[s'] 

(d) Kx[s'] is categorical. 

Proof. Straight by 1.23, 1.26, 2.15. 02.20 
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§3 Examples 

We show here that the context from §2 occurs in earher investigation: in [Sh 

88] = Chapter I, [Sh 576], [Sh 48] (and [Sh 87a], [Sh 87b]). Of course, also the 
class K of models of a superstable (first order) theory T, with <^=^ and S^^^[M) 
being the set of regular types (also just "the set non-algebraic types" works) with 
[||(Mo,Mi,a,M3) iff Mq <si Mi <^ M3 are in Kx,a e M3 and tp(a,Mi,M3) e 

^t'^(Mi) does not fork over Mq, (in the sense of [Sh:c, III], of course). The reader 
may concentrate on 3.7 (or 3.4) below for easy life. 

Note that 3.4 (or 3.5) will be used to continue [Sh 88] = Chapter I and also to 
give an alternative proof to the theorem of [Sh 87a], [Sh 87b] + (deducing "there 
is a model in if there are not too many models in for £ < n) and note that 
3.5 will be used to continue [Sh 48], i.e., on •0 G IL^^i.c^(Q) and 3.7 will be used to 
continue [Sh 576]. Many of the axioms from 2.1 are easy. 

(A) The superstable prototype. 

3.1 Claim. Assume T is a first order complete theory and X be a cardinal > 
\T\ + Mlo; let ^ = ^t,\ = {Kt,\ <Rt,x) defined by: 

(a) Kt,\ is the class of models of T of cardinality > A 

(b) A "being elementary submodel". 

0) ^ is an a.e.c. with LS(.^) = A. 

1) If T is superstable, stable in \, then s = St,\ is a good X-frame when s = 
(^T,A=^^Mil) is defined by: 

(c) p e y^%M) iffp = tp^^^ (a, M, A^) for some a, N such t/iat tpL(rT)(a, M, TV), 
see Definition 3.2 is a non-algebraic complete 1-type over M 

(d) yy(Mo,Mi,a,M3) iff Mq ^ Mi ^ Ms are in Kt,\ and a e Ms and 

tpL(rT)('^; -^1) -^3) i^ ^ ^yP^ ^^^^ does not fork over Mq in the sense of 
[Sh:c, III]. 

2) Let K = cf(K) < A. The model M is a {X, K)-brimmed model for Rt,\ iff (i)+(ii) 
or (i) + (iii) where 

(i) T is stable in A 

(ii) K = cf(«:) > k{T) and M is a saturated model ofT of cardinality X 
{Hi) K = cf(«:) < k{T) and there is a ^-increasing continuous sequence {Mi : 
i < k) (by ^, equivalently by <s) such that M = M^ and (Mj_|_i, c)ceMi is 
saturated for i < k. 
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2A) So there is a (A, n)-brimmed model for ^t,\ iffT is stable in X. 

3) M is (A, K)-brimmed over Mq in ^t,\ iff (M, c)ceMo is (A, K)-brimmed. 

4) Assume T is superstahle first order complete theory stable in A and we define 
s^^\ as above only y^^{M) is the set of regular types p e ^j^j,(M). Then is a 
good \-frame. 

5) For K < A or K = Kg (abusing notation), s!^ ^ is defined similarly restricting 
ourselves to F'^-saturated models. (Let 3^^ = St,x-) IfT is superstable, stable in A 
then ^ is a good A frame. 

Remark. We can replace (c) of 3.1 by: 

(c)' p e y^%M) iSp = tp^y^ (a, M, N) for some a, N such that tpL(^^) (a, M, N) 
is a complete 1-type over M 

except that clause (D)(b) of Definition 2.1 fail. In fact the proofs are easier in this 
case; of course, the two meaning of types essentially agree. 

Proof 0),1),2),2A),3) Obvious (see [Sh:c]). 

4) As in (1), except density of regular types which holds by [HuSh 342]). 

5) Also by [Sh:c]. Da.! 

Recall 

3.2 Definition. 1) For a logic JSf and vocabulary r, JSf (r) is the set of =5f -formulas 
in this vocabulary. 

2) L = is first order logic. 

3) A theory in ^(r) is a set of sentences from =Sf (r) which we assume has a model 
if not said otherwise. Similarly in a language L(C =^(r)) 

Very central in Chapter I but peripheral here (except when in (parts of) §3 we 
continue Chapter I in our framework) is: 

3.3 Definition. Let Ti be a theory in L(ri), r C n vocabularies, F a set of types 
in L(ti); (i.e. for some m, a set of formulas (p{xo, . . . ,Xm-i) G L(ri)). 

1) EC(Ti, F) = {M : M a n-model of Ti which omits every p e F}. 
(So without loss of generality ti is reconstructible from Ti , F) and 



PC^(Ti, F) = PC(Ti, F, r) = {M : M is a r-reduct of some Mi e EC(Ti, F)}. 
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2) We say that ^ is PC^ or PCx,^ if for some Ti,T2,ri,r2 and n and T2 we 
have: (T^ a first order theory in the vocabulary T£,r^ a set of types in L(rg) and) 
K = PC(ri,ri,T^) and {{M,N) : M <r N axvd M,N e K} = PC(T2,r2,T') 
where 

r' = U {P} {P a new one place predicate and (M, A^) means the r'-model 
expanding N where P^^ = |M|), [T^] < A, |r^| < for £ = 1, 2. 

3) If /i = A, we may omit jj.. 

(B) The abstract elementary class which is PCnq. 

3.4 Theorem. Assume 2^" < 2^^ and consider the statements 

{a) ^ is an abstract elementary class with LS(^) = i^o (the last phrase follows 

by clause {(3)) and t = r(^) is countable 

{(3) ^ is PCt^Q, equivalently for some il'i,4'2 G ^uji,ui{'!'i) where ti is a countable 
vocabulary extending r we have 

K = {Ml t T : Ml a model of 
{(AT, M) : M <^ AT} = {{N-, \ r, \ r) : {N-,, Mi) a model 0/^2} 

(7) 1 < < 

(5) ^ is categorical in Kq, has the amalgamation property in and is stable in 

(S)- like (S) but "stable in Hq" is weakened to: M e ^ 1-^(^)1 < ^1 
(s) all models of ^ are 'Loo,ui-^<luivalent and M <^ N ^ M -<-l^^^ N. 

For M G we define as follows: the class of members is 
{NeK:N =L^_^ M} and TVi <^,^ iff N, <^ N2 & N^ N^. 

1) Assume (a) + (/3) + (7), then for some M G t/ie class satisfies [a] + 
(/3) + (7) + (5)~ + (e) (any M G s^^c/i that (^m)ni 7^ w^*^^ do and there are 
such M G K'^^). Moreover, if satisfies (S) then also satisfies it; also trivially 

K'm ^ K and <^;^C<^. 

lA) Also there is k' such that: ^' satisfies (a) + {(3) + (7) + (S) + (e), and for every 
H we have K'^ C K^. In fact, in the notation of I. ? for every a < uji we can choose 

2) Assume {a) + (/?) + (7) + {5). Then (JJ, y^^) is a good ^Q-frame for some (JJ 
and 

3) In fact, in part (2) we can choose y^^{M) = {p E y{M) : p not algebraic} and 
yj is defined by I.? (the definable extensions). 
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Remark. 1) In I.? we use the assumption /(K2, K) < //unif(^2)- But this Theorem 
is not used here! 

2) Note that is related to K^^^ from Definition 1.25 but is different. 

3) In the proof we relate the types in the sense of S^g{M), and those in I§5. Now in 
I§5 we have lift types, from ^j^q to any i.e., define D(A^) for N E R/j,. In /x > Kq, 
in general we do not know how to relate them to types S^^i^ (N) . But when s+ is 
defined (in the "successful" cases, see §8 here and IV§1) we can get the parallel 
claim. 

Discussion : 1) What occurs if we do not pass in 3.4 to the case "D(A^) countable 
for every G Ki^g"7 If we still assume ".^ categorical in Kq" then as |D(A''o)| < Ki, 
if we assume "there is a superlimit model in .^n/' we can find a good Ki-frame s. 
Not clear if we do not assume categoricity in Hi. 

Proof. 1) Note that for any M G i^No? the class ^'j^ satisfies (a), (e) and it is 
categorical in and {K'j^)^ C hence I{iJ,,K'^) < I{n,K). By Theorem I.?, 
(note: if you use the original version (i.e., [Sh 88]) by its proof or use it and get a less 
specified class with the desired properties) for some M G i^^^ we have ^^ 
By I.? (or [Sh 576, 1.4] (page 46)1.6(page 48)) we get that R'j^ has amalgamation 
in Ko and by Chapter I almost we get that in the set y{M) is small; be careful 
- the types there are defined differently than here, but by the amalgamation (in 
i^o) and the omitting types theorem in this case they are the same, see more in the 
proof of part (3) below. So by I.?,I.? we have M G => \S^^'^{M)\ < ^i. 

Also the second and third sentences in (1) are easy. 
lA) Use I.?,I.?. 

In more detail, (but not much point in reading without some understanding of I§5, 
however we should not use I.? as long as we do not strengthen our assumptions) by 
part (1) we can assume that clauses {S)~ + (e) hold. (Looking at the old version [Sh 
88] of Chapter I remember that there -< means <^.) We can find = D* , a < Wi, 
which is a good countable diagram (see Definition I.? and Fact I.? or I.?, I.?. So in 
particular (give the non-maxiniality of models below) such that for some countable 
Mo <^ Ml <^ M2 we have M^ is (D*(M£), i>^o)-homogeneous for £ < m < 2. In 
I.? we define (-ftrD,,<D«)- By I.? the pair (-ftrD*,<D.) is an abstract elementary 
class (the choice of D* a part, e.g. transitivity = Axiom II which holds by the M^'s 
above and I.?) categorical in and no maximal countable model (by <d*, see 
I.?(2). Now Ko-stability holds by I.?(2) and the equality of the three definitions of 
types in the proof of parts (2), (3) and C K so we are done by part 3) below. 
2), 3) The first part of the proof serves also part (1) of the theorem so we assume 
{6)~ instead of (6). We should be careful: the notion of type has three relevant 
meanings here. For G K^^^ the three definitions for S^^'^{N) and of tp(a, N, M) 
when a G '^'^M, <^ M G K-^^ (of course we can use just 1-types) are: 
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(a) the one we use here (recall 1.9) which uses elementary mappings; for the 
present proof we call them y^'^ {M),tpo{a, M, N) 

{(3) Si (A?") which is (recall: materialzie is close to but different from realize) 

D(A'") = {p :p a complete L^^ f^jj(A^)-type over N 

(so in each formula only finitely many parameters from N appear) 
such that for some M,ae'^-^M,a materializes p in (M, N)^ 

("materializing a type" is defined in I.?(2)) so 

Si (TV) = {tpi(a, N,M):ae '^>M and TV <^ M e K^o} 

where 

tpi(a,iV,M) = {<p{x) e K^^oiN) ■■ M Ih^^ <f{a)} 

(see I.?(l) on the meaning of this forcing relation). 
(7) S2{N) which is 

D*(A^) = {p:p a. complete L^^_^^(A^; A^)-type over N 

(so in each formula all members of N may appear) 
such that for some M e Kt^^ and 
a E '^^M satisfying N <^ M the sequence 
a materializes p in (M, N) } 

so 

S2{N) = {tp2(a,7V,M) : a e '^>M and N <^ M e K^^} 

tp2(a,iV,M) = {^{x) e LO^,^^(iV,iV) : M Ih^^ ^{a)}. 

As we have amalgamation in K^^^ it is enough to prove for £, m < 3 that 

{*)l,m if k < uj,N M e i^No and a, 6 G '^M, then 

tp^(a, N, M) = tp£(6, iV, M) ^ tp^(a, A^, M) = tp^(6, A^, M). 
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Now (*)2,i holds trivially (more formulas) and (*)i,2 holds by 1.?. By amalgamation 
in ^No, if tpo(a, N, M) = tpo(6, N, M), then for some M', M <^ M' e there is 
an automorphism / of M' over such that /(o) = b, so trivially (*)o,ij (*)o,2 hold 
(we use the facts that tp£(a, A^, M) is preserved by isomorphism and by replacing 
M by Ml if M <^ M2 G K^^^ and U a C Mi <^ M2). Lastly we prove (*)2,o- 
So N <^M e i^No, hence {tp2(c, iV, M) : c e ^>M} C T>*{N) is countable so by 
I.?(b),(c) for some countable a < a;i we have {tp2(c, AT, M) : c e '^>M} C T>l{N). 
Now there is M' G K^,, such that M <^ M',M' is (D* , ^o)-homogeneous (by 
L?(e) see Definition I.?) hence M' is (D*(A^),Ko)- homogeneous (by 1.7(f)), and 
tp2(a, A^, M') — tp2(6, A^, M') by I.?(3) (A^ here means A'o there, that is increasing 
the model preserve the type). 

Lastly by Definition L? there is an automorphism / of M' over N mapping a to h, 
so we have proved (*)2,0 5 so the three definitions of type are the same. 
Now we define for M e K-^^ : 

(a) y^^(M) = {pe y^iM) : p not algebraic} 

(b) for Mo, Ml, M3 e and an element a e M3 we define: 
yj(Mo, Ml, a, M3) iff Mo <^ Mi <^ M3 and a e Mz\Mi and 

tpi(a. Ml, M3)(= tp(a. Mi, M3) in Chapter I's notation) 

is definable over some finite h G "^-^Mq (equivalently is preserved by every 

automorphism of Mi over b (see I.?) 

(equivalently gtp(a. Mi, M3) is the stationarization of gtp(a, Mq, M3)). 
Now we should check the axioms from Definition 2.1. 

Clause (A) : By clause {a) of the assumption. 

Clauses (B),(C) : By clause {S) or {S)~ of the assumption except "the superlimit 
M G -fCi^o is not <^-maximal" which holds by clause (7) + {5) or (7) + {5)~ . 

Clause (D) : By the definition (note that about clause (d), bs-stability, that it holds 
by assumption (5), and about clause (c), i.e., the density is trivial by the way we 
have defined y^^). 

Subclause (E)(a) : By the definition. 

Subclause (E) (b) (moiiotoiiicity) : 

Let Mq <^ Mq <^ M[ <^ Ml <^ M3 < M3 be all in .^^o and assume 
lXI(Mo, Ml, a, M3). So M^ <^ M[ <^ M3 < M^ and a G M3\Mi C M^\M[. Now 

by the assumption and the definition of (JJ, for some b G '^'^(Mo), gtp(a. Mi, M3) 

is definable over b. So the same holds for gtp(a, M{, M3) by I.?, in fact (with the 
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same definition) and hence for gtp(a, M^jMg) = gtp(a, M(, M3) by I.?(3), so as 
b e '^>(Mo) C '^>(M^) we have gotten UJ(M^, M[, a, M^). 

For the additional clause in the monotoncity Axiom, assume in addition M[ U 
{a} C M^' <^ again by I.?(3) clearly gtp{a, M[, M^') = gtp{a, M[, M^), so 
(recalling the beginning of the proof) we are done. 

Sublcause (E)(c) (local character) : 

So let {Mi : i < 5 + 1) he <^-increasing continuous in K^,^ and a G Ms+i and 
tp{a,Ms,Ms+i) e y^^Ms), so a ^ Ms and gtp{a, Ms, Ms+i) is definable over 
some 6 e '^>(M5) by I.?. 

As b is finite, for some a < 5 we have b C Mq,, hence as in the proof of (B)(b), 
we have (tp(a, Mg, Mg+i) G S^^^{Mp) trivially and) tp(a, Ms, Ms+i) does not fork 
over Mfj. 

Sublcause (E) (d) (transitivity) : 
By I.?(2) or even better I.?. 

Subclause (E)(e) (uniqueness) : 
Holds by the Definition I.?. 

Subclause (E)(f) (symmetry) : 

By I.? + uniqueness we get (E)(f). Actually I.? gives this more directly. 

Subclause (E)(g;) (extension existence) : 

By I.? (i.e., by I.? + all M e K^^ are ^^o-homogeneous) . 
Alternatively, see I.?. 

Subclause (E)(h) (continuity) : 

Suppose {Met : a < S) is <^- increasingly continuous, M^ G -R^k,,,'^ < ^^i^P £ 
<y{Ms) and a < 6 ^ p \ M^ does not fork over Mq. Now we shall use (E) (c) + (E) (d). 
As p \ Mq, G ^^^(Mq,) clearly p \ Met is not realized in Mq, hence p is not realized 
in Mq,; as Ms = M^ necessarily p is not realized in Ms, hence p is not algebraic. 

So p G y'^^{Ms). For some finite b G '^>{Ms),p is definable over b, let a < 5 be 
such that b G '^-^(M^), so as in the proof of (E)(c), (or use it directly) the type p 
does not fork over Mq,. As p \ Mq does not fork over Mq, by (E)(d) we get that p 
does not fork over Mq as required. Actually we can derive (E)(h) by 2.17. 

Subclause (E)(i)(non- forking amalgamation) : 

One way is by I.?; (note that in I.? we get more, but assuming, by our present 
notation /(K2, K) < /Xwd(^2)); but another way is just to use 2.16. 

□3.4 
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(C) The uncountable cardinality quantifier case, L^^^ ^^(Q). 
Now we turn to L sentences in Lt^i,u^(Q). 

3.5 Conclusion. Assume if) e L^i,a;(Q) and 1 < i{^i,ip) < 2^^ and 2^" < 
Then for some abstract elementary classes ^, (note C t^ = t^+) we have: 

(a) ^ satisfies (a), (S), (e) from 3.4 with th D countable (for (7), (b) is a 
replacement) 

(6) for every /j, > Kq, /(/i, .^(^^l-saturated)) < I{iJ,,'il'), where^^ "Ki-saturated" 
is well defined as has amalgamation, see 1.14 

(c) for some (JJ, (and A = Nq), the triple (J^, yj, ^^") is as in 3.4(2) so is a 
good Ko-frame 

(d) every Ki-saturated member of ^ belongs to and there is an Ki-saturated 
member of ^ (and naturally it is uncountable) 

(e) ^+ is an a.e.c, has LS number and {M \ : M E ^'^} C {M : 
M 1= t/j} and every r-model M of has a unique expansion in hence 

> Ki ^ /(//, ip) = /(//, ^'^) and is the class of models of some complete 

-ip e La;i,a.(Q). 

Proo/. Essentially by [Sh 48] and 3.4. 

I feel that upon reading the proof [Sh 48] the proof should not be inherently 
difficult, much more so having read 3.4, but will give full details. 
Recall Mod(V') is the class of r^-models of tfj. We can find a countable fragment =Sf 
of ^oj-i,oj{Q){t^) to which -0 belongs and a sentence -01 G =Sf C L(^i,a)(Q)(T^) such 
that V^'i is "nice" for [Sh 48, Definition 3.1,3.2], [Sh 48, Lemma 3.1]' 

®i (a) Vi has uncountable models 

(6) •01 h •0, i.e., every model of i/ji is a model of i/j 

(c) 'i/'i is L^^^^(Q)-complete 

(d) every model M \= t(ji realizes just countably many complete 

LtJi,aj(Q)('?'V')-types (of any finite arity, over the empty set), 
each isolated by a formula in =Sf . 

The proof of ®i{d) is sketched in Theorem 2^ of [Sh 48]. The reference to Keisler 
[Ke71] is to the generalization of theorems 12 and 28 of Keisler's book from Lt^^^o; 
to La;i,a,(Q), see I.?. 
Let 



much less than saturation suffice, hke "obeying" <** 
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®2 (t) ^0 = (Mod(V'),^^), 
(ii) J^i = (Mod(^i),^^) 
®s is an a.e.c. with L.S. number 'i^i for £ = 0, 1. 

Toward defining ^, let = U {-R(^(x) : '^{x) G =Sf }, R^(^x) a new £(7(x)-predicate 
and let ^2 = V'l A {0^y){R<p{x)iy) = ^iv) '■ ^i^) ^ For every M e Mod(^) we 
define M+ by 

®4 M+ is M expanded to a r^-model by letting iij^^^ = {a e ^aix)]^ . ^ 
V?[a]} 

®5 (a) = ({M+ : M E Mod(?/;)}, ^l) is an a.e.c. with LS(.^J) = Ki 
(6) ^+ = ({M+ : M e Mod(V'i)}, ^l) is an a.e.c. with LS{A+) = ^i. 

Clearly 

®6 if M 1= ipi then is an atomic model of the complete first-order theory 
T^^ where T^^ is the set of first order consequences in L(r^) of •02- 

So it is natural to define ^: 

®7 (a) AT e .ft iff 

(i) N is a T^-model which is an atomic model of T^^ 

(a) ifipi h {\/x)[(pi{x) = {Qy)(p2{y,x)] and<^i,<^2 G =5f and AT \= -.i?^^(^)[a] 
then {b E N : N \= R^^(^y^^^{b, a)} is countable 

(6) Ni <^ N2 iff (iVi, N2 e K, Ni N2 equivalently Ni C N2 and) for 

(fi{x)j V2(y, 3;) as in subclause (ii) of clause (a) above, if a G ^^'^^^(A^i), 
Ni ^ -.i2<^^(5;)[a] and b G N2\Ni then ATs ^ -.i?<^2(j/,a;) [^^ 

Observe 

®8 A?" G .ft iff A?" is an atomic r^-model of the first order L(t^) -consequences V'2 
(i.e. of ifj and every sentence of the form \/x[R^p{x) = <f{x)]) and clause 
(ii) of ®7(a) holds 

®9 .ft is an a.e.c. with LS(.ft) = and is PCNo,.ft is categorical in (and <^ 
called <* in [Sh 48, Definition 3.3]). 

Note that .fti,.ft has the same number of models, but .ft has "more models" than 
.ft^, in particular, it has countable members and .fto has at least as many models as 
.fti. For A^ G .ft to be in — {M+ : M G Mod('0i)} what is missing is the other 
implications in ®7{a){ii). 
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This is very close to 3.4, but M may have many models in Ki (as Q is not necessarily 
interpreted as expected). However, 

®io constructing M G -RTki by the union as <^-increasing continuous chain 
{Mi : i < uJi), to make sure M e it is enough that for unboundedly 
many a < oji, <** Mq,+i where 

®ii for M,N e^,M <** N iff 

{%) M<^N 

{ii) in ®7(6) also the inverse direction holds. 

It should be clear by now that we have proved clauses (a),(b),(d),(e) of 3.5 using 
^. We have to prove clause (c); we cannot quote 3.4 as clause (7) there is only 
almost true. The proof is similar to (but simpler than) that of 3.4 quoting [Sh 48] 
instead of Chapter I; a marked difference is that in the present case the number of 
types over a countable model is countable (in ^ whereas in Chapter I it seemingly 
could have been '^i^ generally [Sh 48] situation is more similar to the first order 
logic case. 

Does ^ have amalgamation in Kq? Now ([Sh 48, Lemma 3.4], almost says this 
but it assumed <Oki instead of 2^° < 2^^ ; and I.? almost says this, but the models 
are from ^)^^ rather than but I.? fully says this using the so called K^_^). So 

®i2 ^ has the amalgamation property in Kq- 

Recall that all models from ^ are atomic (in the first order sense) and we shall use 
below tpL. 

As ^ has Ko-amalgamation (by ©12), clearly [Sh 48, §4] applies; now by [Sh 48, 
Lemma 2.1] (B) + Definition 3.5, being (Kq, l)-stable as defined in [Sh 48, Definition 
3.5] (A) holds. Hence all clauses of [Sh 48, Lemma 4.2] hold, in particular ((D) (/3) 
there and clause (A), i.e., [Sh 48, Def.3.5](B)), so 

®i3 (z) if M <^ N and d & N then tpL(a, M, A'') is definable over a finite 
subset of M 

(ii) if M e i^No then tpL(a, M,N) : d e'^^N and M <^ N} is countable. 
By [Sh 48, Lemma 4.4] it follows that 

®i4 if M <^ N are countable and a e M then tpL(o, M, N) determine tp^(a, M, N). 



Now we define s = {^ii^,y^^, by 
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®i5 y^%M) = {tp^{a,M,N) : M <si N are countable and a e '^>N but 

®i6 tp^(a,Mi,M3) does not fork over Mq where Mq <^ Mi <^ M3 e iff 
tp]L(a, Ml, M3) is definable over some finite subset of Mq. 

Now we check "s is a good frame", i.e., all clauses of Definition 2.1. 
Clause (A) : By ®9 above. 

Clause (B) : As ^ is categorical in J^o, has an uncountable model and LS(.^) = 
this should be clear. 

Clause (C) : ^■^^ has amalgamation by ®yi and has the JEP by categoricity in '^q 
and has no ma:ximal model by (categoricity and) having uncountable models 
(and LS(.^) = ^q). 

Clause (D) : Obvious; stability, i.e., (D)(d) holds by ©13 (ii) + ©14. 

Subclause (E)(a),(b) : By the definition. 

Subclause (E)(c) : (Local character). 

If (Mj : i < 5 + 1) is <^-increasing continuous Mi G K-^^^^a G '^^(M^.j.i) and 
a e '^^(M^) then for some finite A C M^, tp]L(a, M5, M^+i) is definable over 
so for some z < 5, ^ C Mj hence j e [z,5) ^ tp]L(a, Mj, M5+1) is definable over 
(il(Mi,M5,a,M5+i). 

Subclause (E)(d) : (Transitivity). 

As if M' <^ M" e two definitions in M' of complete types, which give the 
same result in M' give the same result in M" . 

Sublause (E) (e) (uniqueness) : By ©14 and the justification of transitivity. 

Subclause (E)(f) (symmetry): By [Sh 48, Theorem 5.4], we have the symmetry prop- 
erty see [Sh 48, Definition 5.2]. By [Sh 48, 5.5] + the uniqueness proved above we 
can finish easily. 

Subclause (E)(g) : Extension existence. 
Easy, included in [Sh 48, 5.5]. 

Subclause (E)(h) : Continuity. 
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As y^%M) is the set of non-algebraic types this follows from "finite character" , 
that is by 2. 17(3) (4). 

Subclause (E)(i) : non-forking amalgamation 

By 2.16. Ds.s 

3.6 Remark. So if i/' G L^j,c^(Q) and 1 < < 2^^, we essentially can apply 
Theorem 0.1, exactly see 9.4. 

(D) Starting at A > Kq. 

The next theorem puts the results of [Sh 576] in our context hence rely on it 
heavily. 

3.7 Theorem. Assume 2^ < 2^'^ < 2^^^ and 

(a) ^ is an abstract elementary class with LS(.^) < A 
(/?) ^ is categorical in A and in X'^ 
(7) ^ has a model in X'^'^ 

(5) /(A+^jK) < 2'^'^"'" and WDmId(A+) is not X++ -saturated or just some^^ 
consequences: density of minimal types (see [Sh 603]) and ® of [Sh 576, 
6. 4,pg.99] proved by the conclusion of [Sh 576, Th.6.7](pg.l01). (so we can 
use all the results of [Sh 576, ^8-^10]) 

Then 1) Letting fj, = X'^ we can choose (JJ, such that (^>^, IJJ, y^^) is a ji-good 
frame. 

2) Moreover, we can let 

(o) e^^"(M) := {tp^(a, M, N) : for some M, iV, a we have (M, iV, a) G Kl+ 

and for some M' <^ M we have M' e K\ 
and tp^(a, M', N) e S^^{M') is minimal} 

(see Definition [Sh 576, 2.3] (4) (pg. 56) and [Sh 576, 2.5](l),(13),pg. 57-58 

UJ = U be defined by: yj(Mo, Mi, a, M3) iff Mq <^ Mi <^ M3 are from 
l^ 

K^,a e M3\Mi and for some N <^ Mq of cardinality X, the type tp ^{a, N, M^) e 
S^^{N) is minimal. 



^■^alternatively we, in clause (d) assume just /(A++,-Rr) < Munif (A"^"^, 2-'^ ), see [Sh 838], see 
on this cardinal in I.? (3). 
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Proof. 1), 2) By clause (6) of the assumption, we can use the "positive" results of 
[Sh 576] in particular [Sh 576, §8-§10] freely. Also by [Sh 603], the one point in [Sh 
576] in which we have used A 7^ is eliminated from this assumption. Now (see 
Definition 1.12(2)) 

(*) if {M,N,a) e Kl+ and M' <^ M,M' e Kx and p = tp^(a,M',iV) is 
minimal (see Definition 1.9(0)) then 

(a) a q E y^{M) is not algebraic and q \ M' = p then q = tp^(a, M, N) 

(b) if {Ma : a < ij), {Na : a < ji) are representations of M, N respectively 
then for a club of (5 < we have tp^(a, M5, Ns) e y^{Ms) is minimal 
and reduced 

[Why? For clause (b) let a* = Mm{a : M' <si Ma}, so a* is well defined 
and as M is saturated (for .ft), for a club of 5 < /U = A""", the model Ms is 
(A, cf( 5)) -brimmed over M' hence by [Sh 576, 7.5] (2) (pg. 106) we are done. 

For clause (a) let M^ = M,M^ = N and = a and M2,a2 = a be 
such that (M0,M2,o2) G i^j^ = Kl+ and g = tp^(a2, M^, M). Now we 
repeat the proof of [Sh 576, 9.5] (pg. 120) but instead /(a^) ^ M^ we require 
/(a^) = a^; we are using [Sh 576, 10.5](l)(pg.l25) which says <^+=<^|~ 

In particular we have used 

(**) if Mo <ii^ Ml, Ml is (A, K;)-brimmed over Mo,p G y^{Mi) is not algebraic 
and p [ Mo is minimal, then p is minimal and reduced. 

Clause {A) : 

This is by assumption [a). 

Clause (B) : 

As ii' is categorical in // = A+, the existence of superlimit M e follows; the 
super limit is not maximal as LS(.ft) < A & = Kx++ 7^ by assumption (7). 

Clause (C) : 

Kx+ has the amalgamation property by I.? or [Sh 576, 1.4](pg.46),1.6(pg.48) 
and ^x has the JEP in A+ by categoricity in A"*". 

Clause (D) : 
Subclause (D)(a), (b) : 

By the definition of ,y^^{M) and of minimal types (in y^{N), N e Kx, 
[Sh 576, 2.5](l)+(3)(pg.57),2.3(4)+(6)](pg.56)), this is clear. 
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Subclause (D)(c) : 

Suppose M <^ N are from and M N; let {Mi : i < X+), {Ni : i < A+) 
be a <^-representation of M, N respectively, choose b G N\M so E = {5 < : 
Ns n M = Ms and b e Ns} is a club of A+. Now for 6 = Min(£;) we have Ms ^ 
Ns, Ms <si Ns and there is a minimal inevitable p G y^{Ms) by [Sh 576, 5.3,pg.94] 
and categoricity of K in A; so for some a G Ns\Ms we have p = tpi^(a, M^, Ns). 
So tp^(a, M, A?") is non-algebraic asaEM=^aEMr\Ns = Ms, a contradiction, 
so tp^(a,M, AT) G y^%M) as required. 

Subclause (-D)(d) : If M G let (Mj : z < A+) be a < ^-representation of M, so by 
(*)(a) above p G y^^{M) is determined by p [" Mq, ifp f Mq, is minimal and reduced. 
But for every such p there is such a{p) < A"*" by the definition of S^^^[M) and for 
each a < A"*" there are < A possible such p \ M^ as ^ is stable in A by [Sh 576, 
5.7](a)(pg.97), so the conclusion follows. Alternatively, M e ^ |^^''(M)| < /i 
as by [Sh 576, 10.5] (pg. 125), we have <^+=<^[ Kx+, so we can apply [Sh 576, 
9.7] (pg. 121); or use (*) above. 

Clause (E) : 
Subclause (E)(a) : 

Follows by the definition. 

Subclause (E)(b) : (Monotonicity) 

Obvious properties of minimal types in ^(M) for M G Kx- 

Subclause (E)(c) : (Local character) 

Let 6 < fi~^ = X~^^ and Mi G -ftT^ be < ^-increasing continuous for i < 6 and 
p G ^^''{Ms), so for some N <^ Ms we have N e Kx and p \ N e yii{N) is 
minimal. Without loss of generality 5 = cf(5) and if 5 = A""", there is i < 5 such 
that N C Mi and easily we are done. So assume S = cf(5) < A""". 
Let (M^ : ( < A""") be a <^-representation of Mj for i < 5, hence is a club of A""" 
where: 

E := < X'^ :( a limit ordinal and for j < i < S we have 

Mi n Mj = M^ and for ^ < C, ^ < we have : 

is (A, cf(C))-brimmed over M| and N <^M^}. 

Let Ci be the z-th member of E for i < so : i < 6) is increasing continu- 
ous, (M^^ : i < 6) is <^-increasingly continuous in Kx and M^~l'_^^ is (A, cf(Ci+i))- 

brimmed over M^^^ hence also over M^.. Also p \ M^^ is non-algebraic (as p is) 
and extends p \ N {as N <^ M^ as Q ^ E) hence p \ Mf is minimal. 
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Also M^^ is (A, cf(C5))-brimmed over M^^ hence over N, hence by (**) above 
we get that p \ M^^ is not only minimal but also reduced. Hence by [Sh 576, 
7.3](2)(pg.l03) applied to (M^. : i < S),p \ M^^ we know that for some i < 5 
the type p \ M^. = (p \ M^^) \ M^. is minimal and reduced, so it witnesses that 
p \ Mj e y^^{Mj) for every j e [i, 5), as required. 

Subclause (E)(d) : (Transitivity) 
Easy by the definition of minimal. 

Subclause (E)(e) : (Uniqueness) 
By (*)(a) above. 

Subclause (E)( f) : (Symmetry) 

By the symmetry in the situation assume Mq Mi <^ M3 are from K^, 
ai e Mi\Mo, a2 G M3\Mi and tp^iai, Mq, M3) e S^^^Mq) and tp^(a2, Mi, M3) e 
y^^Mi) does not fork over Mq] hence for i — 1, 2 we have tp^(a^, Mq, M3) G 
.y^"(Mo). By the existence of disjoint amalgamation (by [Sh 576, 9.11] (pg.l22), 10.5(1) (pg.l25)) 
there are M2, M^, f such that Mq <s^ M2 <si G K^, M3 <^ M;^, / is an iso- 
morphism from M3 onto M2 over Mq, and M3 n M2 = Mq. By tp^(a2, Mq, M3) G 
=5^^^(Mi) and as /(02) ^ Mi being in M2\Mo = M2\M3 and 02 ^ Mi by assump- 
tion and as 0,2, /(a2) realize the same type from S^^[Mq) clearly by (*)(a) we have 
tp^(a2. Ml, M^) = tpj^(/(a2). Mi, M^). 

Using amalgamation in (and equality of types) there is M3 such that: 
M3 <^ M3' G K^^ and there is an < ^-embedding g of M3 into M3' such that 
5f t Ml = idMi and g{f{a2)) = 02. Note that as ai ^ g{M2),Mi <^ g{M2) G 
and tp^(ai. Ml, M3 ) is minimal then necessarily tp^(ai, gr(M2), M3 ) is its non- 
forking extension. So g{M2), M3 are models as required. 

Subclause (E)(q) : (Extension existence) 

Claims [Sh 576, 9.11](pg.l22),10.5(l)(pg.l25) do even more. 

Subclause (E)(h) : (Continuity) 
Easy. 

Subclause (E)(i) : (Non-forking amalgamation) 

Like {E){f) or use 2.16. 03.7 

3.8 Question : If ^ is categorical in A and in and > A > LS {^) , can we conclude 
categoricity in x G (/x. A)? 
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3.9 Fact. In 3.7: 

1) If p e ^b^(M) and M e K^, then for some N <r M,N e Kx p \ N is 
minimal and reduced. 

2) li M <^ N,M e and p G ^^^(M), then some a e N\M reahzes (i.e., "a 
strong version of uni-dimensionality" holds). 

Proof. The proof is included in the proof of 3.7. 

* * * 

(E) An Example : 

A trivial example (of an approximation to good A-frame) is: 

3.10 Definition/Claim. 1) Assume that ^ is an a.e.c. and A > LS(.^) or is a 

A-a.e.c. We define s = Sx[^] as the triple $ = {^x, J^"^, IJJ) where: 

na 

(a) ^"^(M) = { tp^(a, M,N),M <siN and a G N\M} 

{b) W) (Mo, Ml, a, Ms) iff Mo Mi M3 and a G M3\Mi. 
na 

2) Then s satisfies Definition 2.1 of good A-frame except possibly: (B), existence 
of superlimits, (C) amalgamation and JEP, (D)(d) stability and (E)(e),(f),(g),(i) 
uniqueness, symmetry, extension existence and non-forking amalgamation. 
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§4 Inside the framework 

We investigate good A-frames. We prove stability in A (we have assumed in Def- 
inition 2.1 only stability for basic types), hence the existence of a (A, cr)-brimmed 
< ^-extension in Kx over Mq e Kx (see 4.2), and we give a sufficient condition 
for "M5 is (A,cf(5))-brimmed over Mq" (in 4.3). Wc define again i^J'^' (like Kl 
from 1.12(2) but the type is basic) and the natural order <bs on them as well as 
"reduced" (Definition 4.5), and indicate their basic properties (4.6). 
We may like to construct sometimes pairs Ni Mj such that Mj, ATj are increas- 
ing continuous with i and we would like to guarantee that is (A, cf(7))-brimmed 
over N^, of course we need to carry more inductive assumptions. Toward this we 
may give a sufficient condition for building a (A, cf(7))-brimmed extension over Nj 
where {Ni : i < 7) is -increasing continuous, by a triangle of extensions of the 
ATj's, with non- forking demands of course (see 4.7). We also give conditions on a 
rectangle of models to get such pairs in both directions (4.11), for this we use nice 
extensions of chains (4.9, 4.10). 

Then we can deduce that if "Mi is (A, cr)-brimmed over Mq" then the isomor- 
phism type of Ml over Mq does not depend on a (see 4.8), so the brimmed N 
over Mo is unique up to isomorphism (i.e. being (A, cr)-brimmed over Mq does not 
depend on a). We finish giving conclusion about Kx+, Kx++- 

4-1 Hypothesis, s = {K, (JJ, y^^) is a good A-frame. 

4.2 Claim. 1) ^ is stable in X, i.e., M e^x^ 1-^(^)1 < ^■ 

2) For every Mq e Kx and a < X there is Mi such that Mq <^ Mi e Kx and Mi 

is (A, a)-brimmed over Mq (see Definition 1.15) and it is universaV-^ over Mq. 



Proof. 1) Let Mq e Kx and we choose by induction on a e [1, A], Mq, G Kx such 
that: 

ii) Mq. is <^-increasing continuous 
(u) if p e J^^®(Mq) then this type is realized in M^+i- 

No problem to carry this: for clause (i) use Ax{A), for clause (ii) use Axiom {D){d) 
and amalgamation in Rxi i-e., Axiom (C). If every q e J^(Mo) is realized in Mx we 
are done. So let be a counterexample, so let Mq <^ N e Kx be such that q is 



in fact, this follows 
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realized in N. We now try to choose by induction on a < A a triple (A^a: fa-i^a) 
such that: 

{A) Not G Kx is <ii-increasingly continuous 

(B) fa is a <^-embedding of into 

(C) /q is increasing continuous 

(D) fo = idMo and No = N 

(E) SLce = («a,i i < X) Usts thc elements of A^a 

(F) if there are /3 < < A such that tp{ap,,Ja{Ma), N^) G ^^^(/^(Mc,)) 
then for some such pair {/3a, ia) we have: 

(i) the pair {/3a, ia) is minimal in an appropriate sense, that is: if {/3, i) is 
another such pair then P + i > Pa + ia or P + i = Pa + ia ^ P > Pa 

OT P + i = Pa + ia & P = Pa ^ i > ia 

(^^) a/3«,i« e Rang(/a+i). 



This is easy: for successor a we use the definition of type and let Nx := U{Na : 
a < X}. Clearly fx := U{/q. : q; < A} is a <5-embedding of Mx into Nx over Mq. 

As in N, the type q is realized and it is not realized in Mx necessarily ^ 
/a (Ma) hence Nx ^ f\{Mx) but easily /a (Ma) A^a- So by Axiom {D){c) 
for some c G Nx\fx{Mx) we have p = tp(c, /a(Ma), A^a) G ^^^(^(Ma)). As 
{fy{Mj) : 7 < A) is <^-increasing continuous, by Axiom (E)(c) for some 7 < A we 

have tp(c, fx{Mx), Nx) does not fork over f^{M^), also as c G A^a = [J A^/3 clearly 

c G A^^ for some P < X and let i < A be such that c = o^^^. Now if a G [max{7, /?}, A) 
then (/3,i) is a legitimate candidate for {Pa,ia) that is tp(a^^j, /^(Ma), A^^) G 
'^'^^(/a(MQ,)) by monotonicity of non-forking, i.e.. Axiom (E)(b). So {Pa,ia) is 
well defined for any such a and Pa + ia < /5 + * by clause (F)(i). But cti < 0:2 ^ 
^/9c«i,i«i 7^ '^/3a2:*a2 (^s onc bclougs to /q;i+i(Mq,J and the other not), contradiction 
by cardinality consideration. 

2) So ^A is stable in A and has amalgamation, hence (see 1.16) the conclusion holds; 
alternatively use 4.3 below. ^4.2 

4.3 Claim. Assume 

(a) 5 < X'^ is a limit ordinal divisible by X 

{b) M — {Ma : a < d) is <^-increasing continuous sequence in ^x 

(c) if i < S and p G y^^{Mi), then for X ordinals j G {i, d) there is c' G Mj^i 
realizing the non-forking extension of p in y^^{Mj). 
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Then Ms is (A, cf{d))- brimmed over Mq and universal over it. 
4.4 Remark. 1) See end of proof of 6.27. 

2) Of course, by renaming, Ms is (A, cf(5))-brimmed over M^ for any a < 6. 

3) Why in clause (c) of 4.3 we ask for "A ordinals j E (i, 5)" rather than "for 
unboundedly many j e For A regular there is no difference but for A 
singular not so. Think of ^ the class of {A,R),R an equivalence relation on A; 
(so it is not categorical) but for some A-good frames s, = -^a and exemplifies a 
problem; some equivalence class of Ms may be of cardinality < A. 

Proof. Like 4.2, but we give details. 

Let g : d ^ \ he a, one to one and choose by induction on o: < 5 a triple 

{Na,fa,3ia) SUCh that 

(A) Net £ K\ is < ^-increasing continuous 

(B) fct is a <j^-embedding of Mq, into 

(C) /a is increasing continuous 

(D) fo= idM„,iVo = Mo 

(E) = {ttct^i : i < X) list the elements of 

(F) Nct+i is universal over N^, 

(G) if a < 5 and there is a pair i) = {[3^, ia) satisfying the condition (*)/^*jv„ 
stated^ below and it is minimal in the sense that 

^*)l',Vc. ^ see below, then a^^i e Rang(/«+i), 

where 

(«) /5<«andz<A 

{h) tp(a;3,i, /«(M,), No) e y^^UMo)) 

(c) some c e M^+i realizes /-^(tp(a/3,j, fa{Ma),Na), so by 
clause (b) it follows that c e Ma+i\Ma 

(**)f'^''^'^ [(7(/3)+z<^(/3')+i']V 

+ i - + z' & < g{p')] V + i = giP') + z' & 
^(/3)=^(/3') k i<i']. 

There is no problem to choose fa^N^. Now in the end, by clauses (A),(F) clearly 
Ns is (A, cf(5))-brimmed over Nq, i.e., over Mq, so it suffices to prove that fs is 
onto A''^. If not, then by Axiom (D)(c), the density, there is d E Ns\fs{Ms) such 
that p := tp{dJs{Ms),Ns) e y'^^fsiMs)) hence for some < 5 we have 
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d e SO for some < X,d = 0/3(*),i(*)- Also by Axiom (E)(c), (the local 

character) for every (3 < 5 large enough say > (3^ the type p does not fork over 
fsiMp), without loss of generality /?d = /?(*). Let q = fg-^{tp{d,fs{Ms),Ns), so it 

Let u = {a : j3{*) < a < 6 and q \ e y^^M^,) (note /?(*) < a) is realized 
in Mq,_|_i}. By clause (c) of the assumption clearly \u\ = A. Also by the definition 

of V for every a E u the condition i*)^^*^/^*^ holds, hence in clause (F) the pair 
iPaiia) is well defined and is "below" in the sense of clause (G). But 

there are only < \g{(3{*)) x \ < A such pairs hence for some ai < a2 in w we have 
(/?ai,«ai) = (/^aa^^aa), a Contradiction: ap^^^i^^ E Rang(/a,+i) C Rang(/Q,J = 
fc^^iMa^) hence tp(a/3„^,i„^ , /^^(MaJ, iV^J ^ ^^^(/^^(MaJ), contradiction. So 
we are done. 04.3 

* * * 

The following is helpful for constructions so that we can amalgamate disjointly 
preserving non-forking of a type; we first repeat the definition of K^'^^, <bs- 

4.5 Definition. 1) Recall (M, A^, a) G i^J'^' if M <^ A are models from Kx, a G 
N\M and tp(a,M, A) G ^''"(M). Let (Mi,Ai,a) <bs (M2, A2,a) or write <^^, 
when: both triples are in Mi <^ M2, Ai <^ A2 and tp(a, M2, A2) does not 
fork over Mi. 

2) We say (M, A, a) is bs-reduced when if it belongs to kI'^^ and (M, A, a) <bs 
(M', A', a) G kJ'^' =^ a n M' = M. 

3) We say p G ^^''(A) is a (really the) stationarization of G y^^{M) if M <^ A 
and p is an extension of q which does not fork over M. 

Remark. 1) The definition of K^'^^ is compatible with the one in 2.4 by 2.6(1). 

2) We could have strengthened the definition of bs-reduced (4.5), e.g., add: for no 
b G A'\M', do we have tp(6, M', A') G y^%M') and there are M",N" such that 
(M', A', a) <bs (M", A", a) and tp(6, M", A") forks over M'. 

4.6 Claim. For parts (3), (4), (5) assumes is categorical (in X). 

1) If K < X, (M, A, a) G KI'^\ then we can find M', A' such that: (M, A, a) <bs 
(M', A', a) G K^'''', M' is (A, K)-brimmed over M, N' is {X,k ) -brimmed over A and 
(M', A', a) is hs-reduced. 

lA)If{M,Ni,ai) G kI''"'' fori= 1,2, then we can find M+J1J2 such that: M <^ 
G -RTa and for £ G {l,2},/£ a <si-embedding of Ng into over M and 
{MJi{Ni)Je{ai)) <bs (fs-eiNs-i), M+ Jg{ai)), eqmvalentlytp{fi{ai)Js-i{Ns-i), 
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does not fork over M . 

2) If {Ma, Na, a) e K^'^^ is <hs-in'Creasing for a < 5 and 5 < X'^ is a limit ordinal 
then their union ( \^ Mq,, \^ N^, a) is a <hs-liJ'b- If each (Mq, Na, a) is bs-reduced 

a<S a<S 

then so is their union. 

3) Let X divide S,S < X'^. We can find {Nj,ai '■ j < S,i < S) such that: Nj G Kx 
is <^-increasing continuous, {Nj, Nj^i, aj) e K^'^^ is bs-reduced and if i < 5,p E 
5^^^{Ni) then for X ordinals j e (i,z + A) the type tp{aj, Nj, Nj^i) is a non-forking 
extension of p; so Ng is {X,cf{S)) -brimmed over each Ni,i < S. We can add "Nq 

is brimmed". 

4) For any (Mq, Mi, a) G i^J'^"* and M2 e Kx such that Mq <^ M2 there are Nq, Ni 
such that {Mq, Mi, a) <bs (-^O: -^i: 0,), Mq = Ml fl Nq and M2, A^o o-i^^ isomorphic 
over Mo. (In fact, if (Mq, M2, b) e K^''^' we can add that for some isomorphism f 
from M2 onto Nq over Mq we have (Mq, Nq, f{a)) <bs (Mi, Ni, f{a)).) 

5) If Mq G Kx is brimmed and Mq <s Mi for £=1,2 and there is a disjoint 
<s- amalgamation of Mi, M2 over Mq. 

Proof. 1) We choose Mi, Ni,bl{£ = 1, 2), Cj by induction on i < 5 := X such that 

(a) {Mi, Ni,a) G K^'^^ is <bs-increasing continuous 

(6) {Mq,Nq) = {M,N) 
(c)i bj G M,+i\M, and tp,(6i, M„ M,+i) G ^^^(M,), 
(c)2 6f G N,+i\N, and tp{bl N,, N,+i) G ^^^(iV.) 

{d)i if z < A and p G y^%Mi) then the set {j : i < j < X and tps{b], Mj, Mj+i) 
is a non-forking extension of p} has order type A 

{d)2 Hi < X and p G y^%Ni) then the set {j : i < j < X and tps(6^, Nj, Nj+i) 
is the non-forking extension of p} has order type A 

(e) Ci = (dj :j<X) hst N 

(/) Ha < X,i < a,j < X, Cij ^ Mq, but for some (M", N") we have (Mq,+i, N^+i, 
{M" ,N" ,a) and Cjj G M" then for some ii,j\ < max{z,j} we have 
Ciiji e Mc,+i\M«. 

Lastly, let M' = U{Mi : i < A},A^' = U{A^, : i < X}, by 4.3 M' is (A,cf(A))- 
brimmed over M (using {d)i), and A?"' is (A, cf(A))-brimmed over N (using {d)2)- 
Lastly, bs-reduced is by clauses (e)-|-(f). 
1A),2) Easy. 

3) For proving part (3) use part (1) and the "so" is by using 4.3. 

4) For proving part (4), without loss of generality M2 is (A, cf(A))-brimmed over Mq, 
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as we can replace M2 by M2 if M2 <^ M2 G -ftT^. By part (3) there is a sequence 
{ai : i < 5) and an <j^-increasing continuous {Ni : i < 5) with A^o = Mq,Ns = M2 
and {Ni, Ni^i^Ui) e K^'^^ is reduced. Then use (lA) successively. 
5) By part (3). 04.6 

4.7 Claim. Assume 

(a) 7 < A""" is a limit ordinal 

(b) Si < A"*" is divisible by A for i < ^, {Si : i < ^) is increasing continuous 

(c) {Ni : i < 7) is < ^-increasing continuous in K\ 

(d) {Mi : i < 7) is < ^-increasing continuous in K\ 

(e) Ni <A Mi fori<^ 

(/) {Mij : j < Si) is <^-increasing continuous in K\ for each z < 7 
{g) Mi^o = Ni,Mi^s, = Mi,aj E Mij+^\Mij and tp(a,-, M^,,-, M^j+i) e ^^^Mij) 
when i < J, j < Si 

(h) if j < < 7 then {Mij : i G [^(*),7)) is <si-increasing continuous 

(i) tp(aj, Mi3j, M^^j_|_i) does not fork over Mij when i < j < Si^i < 13 < j 

(j) if < li3 < SijP G J>^^^{Mij) then for A ordinals ji G [j, 5i) we have 
tp(ajj, Mjj^, Mij^_(_i) G ^^^{Mij^) is a non-forking extension of p or we 
can ask less 

if i < li3 < Si and p G y^^{Mij) then for A ordinals ji G [j, S-y) for some 
h £ [hi) have tp(aj^, M^^ j^, Mj^ j^+i) G y^^{Mi^j^) is a non-forking 
extension of p. 

Then M^ := U{Mjj : i < j,j < Si} = {Mi : z < 7} zs {X,cf{'j)) -brimmed over 
N^ := U{Ni : z < 7}. 



Proof For j < S^ let M^j = U{Mij : z < 7}, and let M^^s^ = M^ be U{M^j : j < 
S^}. Easily {M^j : j < S^) is <_f^-increasing continuous, M^j G Kx and z < 7 Aj < 
Si ^ Mij <si Myj. Also if z < 7,i < Si then tp{aj, M^j, M^j+i) G y^^M^j) 
does not fork over Mij by Axiom (E)(h), continuity. 

Now if j < Sj and p G y^^{Mjj) then for some i < ^,p does not fork over Mij 
(by Ax(E)(c)) and without loss of generality j < Si. 

Hence if clause (j) holds wc have u :— {e : j < e < Si and tp(ag, M^^g, Mi^^+i) is a 
non-forking extension of p \ Mij} has A members. But for e G w, tp(a£, My^g, M^^s+i) 
does not fork over Mj^^ (by clause (i) of the assumption) hence does not fork over 
Mi j and by monotonicity it does not fork over M^^i and by uniqueness it extends p. 
If clause {j)~ holds the proof is similar. By 4.3 the model M^ is (A, cf(7))-brimmed 
over AL. 7 
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4.8 Lemma. 1) If M e Kx and the models Mi, M2 G Kx are (A, *)-brimmed over 
M (see Definition 1.15(2)), then Mi,M2 are isomorphic over M. 

2) If Ml, M2 e Kx are (A, *)-brimmed then they are isomorphic. 

We prove some claims before proving 4.8; we will not much use the lemma, but it 
is of obvious interest and its proof is crucial in one point of §6. 

4.9 Claim. 1) 

{E){i)~^ long non-forking amalgamation for ct < A"*" ; 

if {Ni : i < a) is <si-increasing continuous sequence of members ofKx,ai e 
Ni+i\Ni fori < a,pi = tp{ai, N^, N^+i) e S^^'{Ni) and q e y^%No), then 
we can find a <^-increasing continuous sequence (N^ : i < a) of members of 
Kx such that: i < a ^ Ni <_(^ N-; some b e Nq\No realizes q, tp(&, N^, N^) 
does not fork over Nq and tp{ai, N^, A^/^.i) does not fork over for i < a. 

2) Above assume in addition that there are M, b* such that Nq <^ M G Kx, b* E M 
and tp{b* , Nq, M) = q. Then we can add: there is a <^-embedding of M into Nq 
over Nq mapping b* to b. 

Proof. Straight (remembering Axiom (E)(i) on non- forking amalgamation of Defi- 
nition 2.1). In details 

1) Let Mo, 6* be such that Nq <^[g] Mq and q = tp(6*, A/q, Mq) and apply part 
(2). 

2) We choose (Mj, /j) by induction on i < a such that 

® (a) Mi e is <^-increasing continuous 

(b) fi is a <^-embedding of Ni into Mi 

(c) fi is increasing continuous with i < a 

(d) Mo = Mand/o= idjvo 

(e) tp(6*, f^{Ni), Mi) does not fork over Nq 

if) tp(/i+i(ai), Mi, Mi+i) does not fork over fi{Ni). 

For i = there is nothing to do. For i limit take unions. Lastly, for i = j + 1, 
we can find (M/, //) such that fj C f- and // is an isomorphism from Ni onto M. 
Hence /,(iV,) <^[,] TV/. Now use Ax(E)(i) for /.(AT,), M/, iV,, //(a,), 6*. 

Having carried the induction, we rename to finish. □4.9 

In the claim below, we are given a -increasing continuous (Mj : i < S) and 
uq, ui,U2 S such that: uq is where we are already given aj e Mi+i\Mj, tii C (5 is 
where we shall choose ai(G Ml_^-^\M-) and U2 S is the place which we "leave for 
future use" ; main case is ui — d;uo — U2 — ^. 
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4.10 Claim. 1) Assume 

(a) 5 < is divisible by X 

(b) uo,ui,U2 are disjoint subsets of S 

(c) S = sup(tti) and otp(tti) is divisible by X 

(d) {Mi : i < S) is <^-increasing continuous in ^\ 

(e) a - (a, : i e Mo), Oi e M,+i\M„ tp(ai, M^, Mi+i) e y'^^Mi) . 

Then we can find M' = {M[ : i < S) and a' = (a^ : z e tti) such that 

(a) M' is < Si-increasing continuous in Kx 
M, <^ Mi 

(7) ifi e uq then tp(ai, M/, M[j^-^) is a non-forking extension o/tp(aj, Mj, Mj-|_i) 

(5) ifieu2 then M[ = M^^^ 

(s) ifi e ui then tp(a^,M;,M;+i) e y^^M^) 

(C) ^/^ < G ^'"''(M/) then for X ordinals j e uiri{i,S) the type tp{aj , M'^, Mj_^^) 
is a non-forking extension of p. 

2) If we add in part (1) the assumption 
(g) Mo<^Ne Kx 

then we can add to the conclusion 

(77) there is an <^-embedding f of N into Mq over Mq and moreover f is onto. 

3) If we add in part (1) the assumption 

(h)+ Mo<siN e Kx and b e N\Mo, tp(6, Mq, A^) G ^^^Mq) 
then we can add to the conclusion 
{r])~^ as in {rf) and tp(/(6), M^, M'^) does not fork over Mq. 

4 ) We can strengthen clause {() in part (I) to 

(C)"*" if i < S and p G c5^^^(M/) then for A ordinals j we have j G [i, d) fl ui and 
tp{aj, Mj, Mj_^i) is a non-forking extension of p and otp{ui H j\i) < X. 
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5) If i & U2 =^ Mi = Mi^i then we can add i & U2 ^ M[ — M[j^-^. 

Proof. Straight. Note that we can find a sequence (tii,i,e : i < 5,e < \) such 
that: this is a sequence of pairwise disjoint subsets of ui each of cardinahty A 
satisfying ■ui,i,e Q {j ■ i < j,j € ui and l^i fl < A} (or we can demand that 

i < ii < i2 < S A \ui n {ii,i2)\ = X ^ |wi,i,e n (zi, Z2)| = A). □4.10 

Toward building our rectangles of models with sides of difference lengths (and then 
we shall use 4.7) we show (to understand the aim of the clauses in the conclusion 
of 4.11 see the proof of 4.8 below): 

4.11 Claim. Assume 

(a) de < A"*" is divisible by A for £ = 1, 2 

(b) = (M^ '■ a < Si) is <ii- increasing continuous for £ = 1,2 

(c) liQ, , U2 are disjoint subsets of Si, otp(ttf ) is divisible by A and Si = sup(ttf ) 

fori= 1,2 

(d) = (ai : a e u^) and tp(a^, M^, M^+i) e y^^M^) for £ = 1, 2, a e 

(e) Ml = Mi 

if) a e uiUui ^Mi^ M^+i for£ = 1,2. 

Then we can find f^ = (/^ : a < Se),h^ = (6^ : a G U wf) for i = 1,2 and 
M = (Mq,^^ '■ < Si, P < S2) and functions ( : u\ ^ S2 and e : ^ Si such that 

{a)i for each a < Si, {Ma,f3 '■ P < S2) is <^-increasing continuous 

(0)2 for each j3 < S2, {Ma,/3 '■ Oi < Si) is <^-increasing continuous 

for belongs to M^+i.o andtip{bl,Mo,,5^,Mo,+i,5^) G y°%Mc,,s^) 

does not fork over Mq,,o 

{(3)2 for Pe ul,bl belongs to Mo,^+i and tp{b% Ms,,i3, Ms,,i3+i) G ^^^Mg^^/s) 
does not fork over Mq,/? 

(7)1 for a G ul,C{a) < S2 and we haveb]^ G Ma+i,^(a)+i and tp(6^, M^^^^, Ma+i,^^) 
does not fork over Mc,^c^(a)+i 

(7)2 forP G ul, e{P) < Si and we have 6| G Me(^)+i^^+i anc? tp(6|, Ms^,i3, Ms^,i3+i) 
does not fork over Mg(^)_|_i^ 

{S)i if a < Si, /3 < S2 and p G ^^'(M«,^) or just p G y^%Ma,p+i) then for A 
ordinals^^ a' G [q;,5i) flfXi, the type tp(6^/, Mq/^/j+i, Mq,+i,/3+i) is a (well 
defined) non-forking extension of p and (3 = C{a') 

■"■^we can add "and otp(a' n Mj;\a2) < A" 
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{5)2 if a < 5i,(3 < 82 and p e y^%Ma,f3) or just p e y^^M^+i^/s) then for 
X ordinals^^ (3' e [(3,82) r[u\, the type tp(6|,, Mq,+i,/3', Mq;+i,/3'+i) is a 
non-forking extension of p and a = s{f3') 

(e) Mo,o = Ml = M2 

(C)i fa isomorphism from M^ onto Mq,,o such that a e ttg =^ fai^a) — 

/o = idjv^i and f^ is increasing continuous with a 

(C)2 /| ^-5 an isomorphism from M| onto Mq,^ such that /? e =^ /|(^|) = 
/o = idjvf2 and zs increasing continuous with a 

{rj)i if ae u\ then Ma,p = Ma+1,/3 for every (3 < 82 
{v)2 if (3 eul then Ma,p = Ma,p+i for every a<8i. 

Proof. Straight, divide u\ to 8s-£ subsets large enough), in fact, we can first choose 
the function ((-),£(-)• Now choose (M«,^ : a <8i,/3 < /?*), (/^ : ct < (/| : 
/? < /?*) and {bl : C(ck) G {h^: f3< (3*) by induction on /3* using 4.10. □4.11 

Proof of 4-8. By 1.16(3), i.e., uniqueness of the (A, 6*^) -brimmed model over M, 
it is enough to show for any regular 6'i,^2 < A that there is a model N e Kx 
which is (A, ^£)-brimmed over M for £ = 1, 2. Let 5i = A x ^1, ^2 = A x ^2 (ordinal 
multiplication, of course), M^ = M| = M for a < /? < 82, u}^ = = 0, ti{ = 
^1,^^ = ^2,^2 = ^2 = 0- So there are (Mq,,/3 : a < < ^2), (6^ : a < (^1), : 

/3 < ^2) and (/^ : a < (/| : P < 82) as in Claim 4.11. Without loss of generality 

fa = fa= idM. Now 

(*)i {Ma,s2 : CK < <^i) is <^-increasing continuous in Kx (by clause (01)1, of 4.11). 
Also 

(*)2 ii a < 81 and p G o$^(Mq,^52) then for A ordinals a' G (a,5i) r\u\ the type 
tp(^a',<52' ^"''-^a: ^a'+i,<52) is ^ non-forking extension of p. 

(Easy, by Axiom (E)(c) for some /? < ^25^ does not fork over M^^p+i and use clause 
(5)iof4.11). 

So by 4.7, Msj^,s2 is (A, cf(5i))-brimmed over Mo.(52 which is M. 
Similarly M^^ is (A, cf(52))-brimmed over M^^ which is M; so together we 
are done. 

□4.8 



we can add "and otp(/3' n tti\/32) < A' 
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4.12 Claim. 1) If M e Kx+ and p e y^%Mo), Mq <^ M (so Mq e Kx), then we 
can find b, {N^ : a < A"*") and {N^ : a < A"*") such that 

(a) (A^^ : a < A+) is a < ^-representation of = M 
(6) (A^^ : a < A""") is a < ^-representation of G Kx+ 

(c) A^a_|_i is (A, X)-brimmed over (hence N^_^ is saturated over A in 

(d) Mo < NH and <^ 

(e) tpg{b, N^, N^) is a non-forking extension of p for every a < A"*". 
2) We can add 

(/) fora<(3< A+, is (A, *)-brimmed over U N^. 



Proof. 1) Easy by long non-forking amalgamation 4.9 (see 1.17). 

2) Use 4.7. □4.12 



4.13 Conclusion. 1) Kx++ ^ 0. 

2) Kx+ ^ 0. 

3) No M e Kx+ is <j^-maximal. 

Proof 1) By (2) + (3). 

2) By (B) of 2.1. 

3) By 4.12. □4.13 

4.14 Exercise : 1) Let M e he superlimit and t = S[m], so is categorical. If 
(M, A^, a) G K^^ is reduced for t, then it is reduced for s. 

2) In 4. 6(3), (4), (5), we can omit the assumption "s is categorical" if: 

(a) we add in aprt (3), each Ni is superlimit (equivalently brimmed) 

(b) in parts (4), (5) add the assumption "Mq is superlimit". 

2) Some extra assumption in 4.6(5) is needed. 
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§5 Non-structure or some unique amalgamation 

We shall get from essentially /(A++,iir) < 2-^^^ or just /(A++, i^(A+-saturated)) 
< 2'^^^, many cases of uniqueness of amalgamation assuming WDmId(A+) is not 
A++-saturated. The proof is similar to [Sh 482], [Sh 576, §3]. 

We define K^'''^ it is a brimmed relative of K^' ^ hence the choice of bt; it 
guarantees much brimness (see Definition 5.2) hence it guarantees some uniqueness, 
that is, if (M, N, a) e i^^' , M is unique (recalling the uniqueness of the brimmed 
model) and more crucially, we consider K^'^^, (the family of members of K^'^^ for 
which we have uniqueness in relevant extensions). Having enough such triples is 
the main conclusion of this section (in 5.9 under "not too many non isomorphic 
models" assumptions). In 5.4 we give some properties of K^' K^'^'^. 

To construct models in A^"*" we use approximations of cardianlity in A"*" with 
"obligation" on the further construction, which are presented as pairs (M, a) G K^y^ 
ordered by <ct, see Definition 5.5, Claims 5.6, 5.7. We need more: the triples 
(M, a, f ) e K^'^^, Kg"^^ in Definition 5.12, Claim 5.13. All this enables us to quote 
results of [Sh 576, §3], but apart from believing the reader do not need to know [Sh 
576]. 

5.1 Hypothesis. 

(a) 3 — 1]J, y^^) is a good A-frame. 

5.2 Definition. 1) Let K^'^^ = K^'^^ be the set of triples (M, A^, a) such that for 
some a = cf{a) < A, M N are both (A, a")-brimmed members of Kx, a e N\M 
and tp(a, M, N) e y^%M). 

2) For {Mi,Ni,ai) e i^J''* for £ = 1,2 let (Mi,iVi,ai) <bt (M2,iV2,a2) mean 
ai = a2, tp(ai,M2, A2) does not fork over Mi and for some a2 = cf(cr2) < A, the 
model M2 is (A, a"2)-brimmed over Mi and the model N2 is (A, a"2)-brimmed over 
Ni. Finally (Mi,Ai,a2) <bt (M2,A2,a2) means (Mi,Ai,ai) <bt (M2,iV2,a2) or 
(Mi,iVi,ai) = (M2,iV2,a2). 

5.3 Definition. 1) Let "(Mo,M2,a) G ATJ'"'^" mean: (Mo,M2,a) e Xj^' and: for 
every Mi satisfying Mq <si Mi e Kx, the amalgamation M of Mi,M2 over Mq, 
with tp(a. Ml, M) not forking over Mq, is unique, that is: 

(*) if for £ = 1, 2 we have Mq <^ Mi <^ M^ e Kx and fe is a < ^-embedding 
of M2 into M^ over Mq (so fi f Mq = /2 t Mq = idMo) such that 
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tp{fe{a), Ml, M^) does not fork over Mq, then 

(a) [uniqueness]: 

for some M', gi, g2 we have: Mi <^ M' e Kx and 

^r^ is a <j^-embedding of M^ into M' over Mi for £ = 1,2 such that 

fifl O /i [ M2 = 5f2 o /2 [■ M2 

(6) [being reduced] /£(M2) n Mi = Mq 

[this is "for free" in the proofs; and is not really necessary so the 
decision if to include it is not important] . 

2) K^'"*^ is dense (or s has density for K^'^'^) when K^'^^ is dense in (K^'^^^ <bs)) 
i.e., for every (Mi, M2, a) e kJ^' there is (Mi, iV2, a) e kJ'"'^ such that (Mi, M2, a) <bs 

(iVi,iV2,a)ei^J'"^ 

3) K'^'^^ has existence or s has existence for K^'^^ when for every Mq G -RTa and 
p e ^^^(Mo) for some Mi, a we have (Mq, Mi, a) G kJ"'^ and p = tp(a, Mq, Mi). 

4) = i^rj"'!. 

5.4 Claim. 1) The relation <bt is a partial order on K^'^^ that is transitive and 
reflexive (but not necessarily the parallel of Ax V o/a.e.c. see Definition 1.4)- 

2) If {Ma, Nq,, a) e K^'^^ is <ht- increasing continuous for a < 5 where 5 is a limit 
ordinal < A+ then (M, N,a) = {[J Ma, [J Na,a) belongs to kI'^^ and a < S ^ 

Qf<(5 a<(5 

{Ma, Na,a) <bt {M,N,a) and {M,N,a) is a <]3t-'^pper bound of {{Ma, N a, a) : 
a <S). 

3) In (*) of 5.3, clause (b) follows from (a). 

Proof. Easy, e.g. (3) by the uniqueness (i.e., clause (a)) and 4.6(4). 05.4 

We now define K^^, a family of < ^-increasing continuous sequences (the reason for 
sq) in K\ of length A""", will be used to approximate stages in constructing models 
in Kx++ ■ 

5.5 Definition. 1) Let = Kg"^ be the set of pairs (M, a) such that (sq stands 
for sequence): 

(a) M = {Ma : a < A""") is a <j^-incr easing continuous sequence of models from 
Kx 

(6) a = {aa : a E S), where 5 C A+ is stationary in A+ and aa G Mo,_|_i\Mq, 
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(c) for some club E of A""" for every a E S (1 E we have tp(aQ,, M^,, Mq,_|_i) e 

(cZ) if p e ^^^(Mq,) then for stationarily many 5 E S we have: tp{as, Mg, Ms+i) E 
y^^{Ms) does not fork over Mq, and extends p. 

In such cases we let M = M^. 

a<A+ 

2) When for £ = 1,2 we are given (M^ a^) E K^l we say (M^, a^) <ct (M^a^) if 
for some club £^ of A+, letting a.^ = {a^ : 5 E S^) for £ = 1, 2, of course, we have 

(a) S^nEcs^nE 

(b) if SeS^HE then 

(a) M}<s,Ml 
(/?) M,V<^M,\, 
(7) (4 = a] 

{5) tp(aj, M|, M|^^) does not fork over Mj, so in particular ^ M|. 



5.6 Observation. 1) If (M,a) e K^^i then M := |J G ii'A+ is saturated. 

a<\+ 

2) is partially ordered by <ct- Ds.e 

5.7 Claim. Assume ((M'',a^) : C < C,*) is <ct -increasing in K^^, and is a 
limit ordinal < A"*"*", then the sequence has a <ct-lub (M, a). 

Proof. Let a'' = (a^ : 5 G S"^) for C < C* and without loss of generality C* = cf(C*) 
and for C < C < C* let E(^^^ he a club of A+ witnessing (M^,a^) <ct (M^,a^). 

Case 1 : C* < A+. 

Let E = n{E^^^ : C < ^ < C} and forSEE let Mg = U{Mf : C < C*} 
and Ms+i = U{M^j^^ : C < C*} and for any other a,Ma = MMin{E\a)- Let 5" = 
IJ 5^nEandfor 5 e 51et as = for every ^ for which 5 E S(^. Clearly Mq. E K\ 

is <^-increasing continuous and C<C*A5eE^ M| Ms & -^l+i Ms+i. 

Now if 5 G £;n5^ then ^ G [C, C*) implies tp(a5, M|, M5+1) = tp(4, M|, M|^^) 
does not fork over Mg (and (M| : ^ G [C:^)): (-^5+1 • C ^ [C;^)) ci^^e <^-increasing 
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continuous); hence by Axiom (E)(h) we know that tp{as, Mg, Mg+i) does not fork 
over and in particular e ^^"(M^). Also if iV M := |J M«,iV e Kx 

a<A+ 

and p e y'°%N) then for some 5{*) e E,N <si Mg^^), let pi G ^'""(M5(^)) be a 
non-forking extension of so for some C < C*iP does not fork over M^^^^ hence 
for stationarily many S G S(^,qg = tp^as^ Mg , Mg_^^) is a non-forking extension 
of pi \ Mg^^y hence this holds for stationarily many 5 G S D E and for each such 
6, qs — tp(a5, Mg-i Ms+i) is a non-forking extension of pi \ M^^^s^ , hence of pi hence 
of p. Looking at the definitions, clearly (M, a) e and ^ < ^* =^ (M<^,a'^) <ct 
(M,a). 

Lastly, it is easy to check the <ct-e.u.b. 
Case 2 : C* = A+. 

Similarly using diagonal union, i.e., E = {S < : S is a, limit ordinal such that 
(<^<5^5e -E'<^,e} and we choose Ma = U{M^ : ( < a} when a e E and 
Ma = M„ii„(£\(a+i)) otherwise. 05.7 

5.8 Observation. Assume K^'^"^ is dense in K^'^^, i.e., in (K^'^^, <bs) and even in 
(Kjb\<bt). Then 

(a) if M G Kx is superlimit and p G e5^'^^(M) then there are N,a such that 
(M, iV, a) G kJ'''^ and p = tp(a, M, iV) 

(6) if in addition Kg is categorical (in A) then s has existence for K^'^^ (recall 
that this means that for every M e and p G y^^{M) for some pair 
{N, a) we have (M, N, a) G i^J'"'^ and p = tp(a, M, AT)). 



Proof. Should be clear. 

Now the assumption of 5.8 are justified by the following theorem (and the cate- 
goricity in (b) is justified by Claim 1.26). 

5.9 First Main Claim. Assume that 

(a) as in 5.1 

[b) WDmId(A+) is not X++ -saturated and 2^ < 2^"^ < 2^"^"^ (or the parallel 
versions for the definitional weak diamond). 
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Ifi{X++, K) < 2^^^, then for every (M, N, a) e kJ^' there is {M*, N*,a)e kI'^^ 
such that {M,N,a) <bt (M*,iV*,a) and {M*,N*,a) e kJ'"'^. 

5.10 Explanation. The reader who agrees to beheve in 5.9 can ignore the rest of 
this section (though it can still serve as a good exercise). 

Let {Sa : a < be a sequence of subsets of A"*" such that a < P =^ \Sa\S13\ < 

X and 5'Q+i\5'a 7^ mod WDmId(A"'"), exists by assumption. 

Why having (M, N, a) failing the conclusion of 5.9 helps us to construct many 
models in Kx++'^ The point is that we can choose (M°, a") G with Dom(a") = 
Sa for a < X'^'^, <ct-increasing continuous (see 5.7). 

Now for Q! = /? + 1, having (M^, a^), without loss of generality M^^^ is brimmed 
over Mf and we shall choose by induction on z < A"*" (for simplicity we pretend 
Mf n U{m/ : j < X+} = Mf) and Aff <si Mf e Kx and tp(ai, Mf , M^^) does 
not fork over M^ and Mf_]^ is brimmed over Mf ). 

Given (M^,a^),M'5 = (Mf : i < A+),af toward building (M", a"), ct^+i. 

We start with choosing (Mq", b) such that no member of K^'^^ which is <bs-above 
(M^, Mq, h) G K^^^ belongs to K^^'^ and will choose Mf by induction on i such 
that {M^ , Mf^b) E K^'^^ is <bs-increasing continuous and even <bt-increasing 
hence in particular that tp(6, Mf , Mf ) does not fork over Mq. Now in each stage 
z = j + 1, as Mf is universal over Mj, and the choice of Mg'^b we have some 
freedom. So it makes sense that we will have many possible outcomes, i.e., models 
M = U{Mf : a < A++, i < A+} which are in Kx++. The combination of what we 
have above and [Sh 576, §3] gives that 2'^ < 2'^^ < 2'*'^^ is enough to materialize 
this intuition. If in addition 2^ = A"*" and moreover (}x+ it is considerably easier. 
In the end we still have to define a" \ (5'a\5'^) as required in Definition 5.5. 

Alternatively when [Sh 839] materializes, it will do it in more transparent way. 
Another alternative is to force a model in A"''"'". Now below we replace K^'^'^ by 
K^^^ , Kg"^^ but actually K^'^"^ is enough, but not in the way [Sh 576] is done. So 
we need a somewhat more complicated relative as elaborated below which anyhow 
seems to me more natural. 

5.11 Second Main Claim. Assume 2^ < 2^^ < 2^^^ (or the parallel versions 
for the definitional weak diamond). If i(X'^~^ , K) < iJ,^^(X'^'^,2^^), then for every 
(M, N, a) G kI'^^ there is (M*, N*, a) G K^'^^ such that (M, N, a) <u (M*, N*, a) 
and (M*,7V%a) G kJ""^. 

We shall not prove here 5.11 and shall not use it; toward proving 5.9 (by quoting) 
let 
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5.12 Definition. Let S C X+ he a stationary subset of A""". 

1) Let KP' or K^^"[S] be the set of triples (M, a, f) such that: 

(a) M = {Met '■ OL < A""") is <^-increasing continuous, Mq, e Kx 
(we denote Ma by M) and demand M G Kx+ 

a<\+ 

(b) a = (oq, : a < a) with aa £ M^+i 

(c) f is a function from A""" to A""" such that for some club E of A""" for every 5 e 
EnS and ordinal i < f{6) we have tp{as+i, Ms+i, Mg+i+i) G y^^{Ms+i) 

(d) for every a < A+ and p G y^^{Ma), stationarily many 5 e S satisfies: for 
some s < i{5) we have tp{as+e, Mg+si Ms+e+i) is a non-forking extension 
of p. 

lA) Klf[S] = Kg"^' is the set of triples (M, a, f) G K^' such that: 

(e) for a club of 5 < A""", if 5 G 5' then f(5) is divisible by A and"*^^ for ev- 
ery i < f{6) a q e y^%Ms+i) then for A ordinals s G [i,f{S)) the type 
tp(a5_|_g, M^+e, Mj+e+i) G y^^{M5^g) is a stationarization of q (= non- 
forking extension of q, see Definition 4.5). 

2) Assume (M^ a^ f^) G K^' for £ = 1,2; we say {M\a.\f^) <^ (M^a^f^) iff 
for some club E oi X'^, for every 5 E E (1 S we have: 

(a) M,V, <^M|+, fori8z<fi(5) 

(b) i\S)<i'{5) 

(c) for z < f^(5) we have a^^.^ = a^^^ and 
tp(aj+i, M|+^, M|+^+i) does not fork over Mj+^. 

3) We define the relation <g on K^'^'^ as in part (2) adding 

(d) ii6 e E and i < f^(5) then M|^.^i is (A, *)-brimmed over Mj^-^^ U M|^.. 



5.13 Claim. 0) If (M, a, f) G i^g i/ien |J M« G Kx+ is saturated. 

a<X+ 

1) The relation <° is a quasi-order^^ on K'^'^^ ; also <\ is. 

2) D ^P 7^ fof o,ny stationary 5" C A"*". 



we have an a priori bound f* : A+ — > A"*" which is a <^^^ -upper bound of the "first" A"*""*" 

functions in (A+)/D, we can use bookkeeping for Uj's as in the proof of 4.10 

-"^^could have used (systematically) i < f ^ {5) 

■"■^quasi order < is a transitive relation, so we waive x<y<x^x = y 
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3) _For every (M, a, f) G Kl'^^'lS] for some {M', a, f) e K^'^'iS] we have (M, a, f) <^ 
(M',a,n- 

4) For every (Mi,ai,fi) G K^'^' and q G ^^"(M^), a < A+. there ig (M^a^f^) G 
K"'^' snc/i t/iat (Afi,ai,fi) <^ (M^a^f^) g Kg'^' an^i 6 G M ^ realizing q such 
that for every (3 G [ck, A""") we /lave tp(6, M^,M|) G y^^{M^) does not fork over 

a _ 

5^ If {{M^ ^aS' ^f^) : C, < ^(*)) «s -increasing continuous in K^'^'^ and ^{*) < A"'"'" 
a limit ordering, then the sequence has a <^-lub. 

Proof. 0, 1) Easy. 

2) The inclusion K^"^^ D K^"^^ is obvious, so let us prove Kg'^^ ^ 0. We choose by- 
induction on a < ,aa, M^^pa such that 

(a) Mq, G Kx is a super limit model, 

(b) Mq, is < ^-increasingly continuous, 

(c) ifa = P+ 1, then G M^XMp realizes pp G ^^^(M^), 

(d) if p G J^''^(Mq,), then for some z < A, for every j G [z. A) for at least one 
ordinal e G [j, j + i),poi+s \ = p and Pa+£ does not fork over Mq,. 

For ct = choose Mq G Xa- For ct limit. Ma — [J is as required. Then 

/3<a 

use Axiom(E)(g) to take care of clause (d) (with careful bookkeeping). Lastly, let 
f : A"*" ^ A"*" be constantly A, M = (Mq : a < A), a = (tta : o: < A); now for any 
stationary 5 C A"^, the triple (M, a [ S', f \ S) belong to Kg'^^. 

3) Let E be a club witnessing (M^, a^ f^) G Kg"*' such that 6 e E ^ 6 + f^S) < 
Mm{E\{6+l)). Choose : A+ ^ A+ such that a < A+ implies fi(a) < P{a) < 
A+ and f^(Q;) is divisible by A. We choose by induction on a < , fa, M^,pa., 
such that: 

(a), (6), (c) as in the proof of part (2) 

(d) fa is a <^-embedding of M^ into M^ 

(e) /q; is increasing continuous 

(/) ifS G Ens and i < fi(5) hence tp(ai+„ M^V-, Mj+^+i) G ^^^(Mj+J, then 
/5+i+i(a^+,) = ai+, and p,+, = tp{aj^^, M|+,, M|+,^ J G ^'^^(M^^.) is a 
stationarization of tp(/5+i+i(aJ^J, /5+i(Mj^.), /5+i+i(Mj^.^i)) = 
tp(a2^,,/5+.(M5VJ,M|+,+J 

(fif) if 5 G -E and z < f^(5), g G ^^^''{M^^-) then for some A ordinals e G (i, f^(5)) 
the type ps+g is a stationarization of q 

(h) ifS e E,i < P{6) then Ms+i+i is (A, *)-brimmed over Ms+i[Jf5+i+i{M^^^^^). 
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The proof is as in part (2) only the bookkeeping is different. At the end without 
loss of generality [J fa is the identity and we are done. 

a<A* 

4) Similar proof but in some cases we have to use Axiom (E)(i), the non-forking 
amalgamation of Definition 2.1, in the appropriate cases. 

5) Without loss of generality cf(^(*)) — ^(*). First assume that ^(*) < A. For 
£ < C < C(*) let Esx be a club of A+ witnessing M= <| M^. Let 

E* = Pi Eexf^{S < A"*" : for every a < 5 we have sup i^{a) < 5}, it is a club 

e<C<a*) ' 

of A+. Let f^(*) : A+ ^ A+ be f^(*)(i) = sup f^(i) now define m/^*^ as follows: 
Case 1 : U S e E* and e < ^{*) and i < and i > |J f^((5) then 

(«) i^lS=U{Mi+,:Ce[e,e(*))} 
{(3) i < f%d) ^ af;j = a|+,. 

(Note: we may define M^^^ twice if z = f^{S), but the two values are the same). 
Case 2 : IiSeE*,i = f^(*)((5) is a limit ordinal let 



j<i 



Case 3 : If Mf^*^ has not been defined yet, let it be -^Mi*n(s* \i) • 

Case 4 : If a^^*^ has not been defined yet, let af *^*^ G M^^*^ be arbitrary. 

Note that Case 3,4 deal with the "unimportant" cases. 
Let e < why (M^r,f^) <^ (M«(*), a«(*), f^(*)) e K™'^'? Enough to check 

that the club E* witnesses it. 

Why tp(a5+i,M||*.\M||*.^^i) e ^^'(m||*.^) and when 5 e E*,i < f?(*)(z), and 
does not fork over when z < f^(5) ? by Axiom (E)(h) of Definition 2.1. 

Why clause (e) of Definition 5.12(1A)? By Axiom (E)(c), local character of non- 
forking. 

The case ^(*) = A""" is similar using diagonal intersections. Qs.ia 



Remark. If we use weaker versions of "good A-frames" , we should systematically 
concentrate on successor i < f(5). 
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Proof of 5.9. The use of A++ ^ WDmId(A++) is as in the proof of [Sh 576, 
3.19](pg.79)=3.12t. But now we need to preserve saturation in hmit stages 5 < A"*""*" 
of cofinahty < A"*", we use <g, otherwise we act as in [Sh 576, §3]. Ds.g 

Let us elaborate 

5.14 Definition. We define C = (^+, Seq, <*) as follows: 

(a) r+ = T U {P,<},^+ is the set of (M,P^,<^) where M e ^<x,P^ C 
M, <^ a linear ordering of P^ (but =^ may be as in [Sh 576, 3.1] (2) and 
Ml M2 iff (Ml [ r) <^ (M2 t r) and Mi C M2 

(b) Seg^, = {M : M = (Mj : i < a) is an increasing continuous sequence of 
members of and {Mi \ t : i < a) is <^-increasing, and for 

i < j < a : P^^^ is a proper initial segment of {P^^ , <^^) and there is a 
first element in the difference} 

wc denote the <-'^*+i-first element of p^i+i\^p^i ^ by a^M] and we demand 
tp(ai(M), MiT \, Mi+i \ t) e y°\Mi \ r) and ff a = A, M = \j{Mi \ r : 
z < A+j is saturated 

(c) M <* iV iff 

M = {Mi : i < a*), N — {Ni : i < a**) are from Seg, t is a set of pairwise 
disjoint closed intervals of a* and for any [q;,/3] G t we have (/? < a* and): 

7 e [a, (3) =^ M^ <^ & ay[M] ^ N^, moreover 

a-y[M] = a-y[N] and tp{aj[M], Nj \ r, N^^i,t) does not fork over M^ j" r. 

5.15 Claim. 1) Q is a -construction framework (see [Sh 576, 3.3](pg.68). 
2) C is weakly nice (see Definition [Sh 576, 3.14](2)(pg.76). 

4) C has the weakening X'^ -coding property. 

Discussion : Is it better to use (see [Sh 576, 3.14](l)(pg.75)) stronger axiomatization 

in [Sh 576, §3] to cover this? 

But at present this will be the only case. 

Proof. Straight. Ds.is 



Now 5.11 follows by [Sh 576, 3.19](pg.79). 
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§6 Non-forking amalgamation in 

We deal in this section only with ^a- 
We would like to, at least, approximate "non-forking amalgamation of models" 
using as a starting point the conclusion of 5.9, i.e., K^'^^ is dense. We use what looks 
like a stronger hypothesis: the existence for K^'^^ (also called "weakly successful"); 
but in our application we can assume categoricity in A; the point being that as we 
have a superlimit M e Kx this assumption is reasonable when we restrict ourselves 
to recalling that we believe in first analyzing the saturated enough models; 

see 5.8. By 4.8, the "(A, cf(5))-brimmed over" is the same for all limit ordinals 
5 < A+, (but not for 5 = 1); nevertheless for possible generalizations we do not use 
this. 

It may help the reader to note, that if there is a 4- place relation NFa(Mo, Mi, M2, M3) 
on Kx, satisfying the expected properties of "Mi,M2 are amalgamated in a non- 
forking = free way over Mq inside M3", i.e., is a .^^-non- forking relation from 
Definition 6.1 below then Definition 6.10 below (of NF^) gives it (provably!). So we 
have "a definition" of NFa satisfying that: if desirable non-forking relation exists, 
our definition gives it (assuming the hypothesis 6.6). So during this section we are 
trying to get better and better approximations to the desirable properties; have the 
feeling of going up on a spiral, as usual. 

For the readers who know on non-forking in stable first order theory we note 
that in such context NFa(Mo, Mi, M2, M3) says that tp(M2, Mi, M3), the type of 
M2 over Ml inside M3, does not fork over Mq. It is natural to say that there are 
{Ni,ai ^2,a '■ CK < a*) , Nj^^a is increasing continuous. A^i^o = Mq, A^2,o = -^25 Mi C 
Mi,«,M3 C M^,N2,a C M^,7V^,a+2 is prime over iV^,« + for £ = 1,2 and 
tp(aa, -/V2,a) does not fork over Ni^a but this is not available. The K^'^^ is a 
substitute. 

6.1 Definition. 1) Assume that = .^a is a A-a.e.c. We say NF is a non- forking 
relation on ^(.^a) ot just a .^A-non-forking relation when: 

lElNF(fl) NF is a 4-place relation on Kx and NF is preserved under isomorphisms 

(&) NF(Mo, Ml, M2, M3) implies Mq <^ Me <a M3 for £ = 1, 2 

(c)i (monotonicity): if NF(Mo, Mi, M2, M3) and Mq M^ M^ for £ = 1,2 
then NF(Mo, M{, M^, M3) 

(c)2 (monotonicity): if NF(Mo, Mi, M2, M3) and M3 <^ M^ e Kx, Mi U M2 C 
M^ <Si Mf^ then NF(Mo, Mi, M2, Mf^) 

{d) (symmetry) NF(Mo, Mi, M2, M3) iff NF(Mo, M2, Mi, M3) 
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(e) (transitivity) if NF(Mi, iV^, M^+i, A^^+i) for i < a,{M, : i < a) is 
increasing continuous and {Ni : i < a) is <^-increasing continuous then 
NF(Mo,iVo,M,,Ar«) 

(/) (existence) if Mq M(, for £ = 1,2 (all in Kx) then for some M3 e 
-f^A, /17 /2 we have Mq <si M3, is a < ^-embedding of Mi into M3 over 
Mo for £ = 1, 2 and NF(Mo, /i(Mi), ^(Ms), M3) 

(t/) (uniqueness) if NF(M^, , M|, M|) and for £ = 1, 2 and /, IS an isomor- 
phism from M} onto for z = 0, 1, 2 and /o C /i, /q C /a then /i U /2 
can be extended to an embedding of Mg into some M4 , M3 M4 . 

2) We say that NF is a weak non- forking relation on ^(i^A) or a weak ^^-iion- forking 
relation if clauses (a)-(f) of KInf above holds but not necessarily clause (g). 

3) Assume s is a good A-frame and NF is a non-forking relation on ^ or just a 
formal one. We say that NF respects s or NF is an 5-non-forking relation when: 

{h) if NF(Mo,Mi,M2,M3) and a e M2\Mo, tps(a,Mo,M2) G <5^^^(Mo) then 
tps(a, Ml, M3) does not fork over Mq in the sense of s. 



5.^ Observation. Assume is a A-a.e.c. and NF is a non-forking relation on "^(.^a)- 

1) Assume ^ is stable in A. If in clause (g) of 6.1(1) above we assume in addition 
that M3 is (A, a")-brimmed over Mf U M|, then in the conclusion of (g) we can add 
M3 = M4 , i.e., /i U /2 can be extended to an isomorphism from M3 onto Mg . 
This version of (g) is equivalent to it (assuming stability in A; note that ".^a has 
amalgamation" follows by clause (h) of Definition 6.1). 

2) If Mo <si Ml <si Mg are from Kx then NF(Mo, Mo, Mi, Mg). 

3) In Definition 6.1(1), clause (d), symmetry, it is enough to demand "if. 



Proof. 1) Chase arrows. 

2) By clause (f) of KInf of 6.1(1) and clause (c)2, i.e., first apply existence with 
(Mq, Mq, M2) here standing for (Mq, Mi, M2) there, then chase arrows and use the 
monotonicity in (c)2. 

3) Easy. □5.2 

The main point of the following claim shows that there is at most one non-forking 
relation respecting s; so it justifies the definition of NF^ later. The assumption 
"NF respects s" is not so strong by 6.5. 

6.3 Claim. 1) If 5 is a good X-frame and NF is a non-forking relation on ^{^s) i^^- 
spectings and (Mq, Nq, a) E kJ'''^ and (Mo, A^o, a) <bs (Mi, Ai, a) then NF(Mo, Aq, Mi, Ai). 
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2) If s is a good X-frame, weakly successful (which means Kg'^'^ has existence in 
Ks'^"^, i.e., s satisfies hypothesis 6.6 below) and NF is a non-forking relation on 

^(^s) respecting 5 then the relation NFx = NF^, i.e., Ni \\) N2 defined in Defini- 

No 

tion 6.10 below is equivalent to NF(iVo, Ni,N2,Ns). [But see 6.33] 

3) If s is a weakly successful good X-frame and for i = 1, 2, the relation NF^ is a 
non-forking relation on "^{^s) respecting s, then NFi = NF2. 



Proof. Straightforward but we elaborate. 

1) We can find {M[, N[) such that NF(Mo, No,M[,N[) and Mi, M[ are isomorphic 
over Mq, say fi is such an isomorphism from Mi onto M[ over Mq; why such 
(M(, N[, fi) exists? by clause (f) of Knf of Definition 6.1. 

As NF respects s, see Definition 6.1(2), recalling tp(a, Mo,iVo) e y^^'iMo) we 
know that tps(a, M(, Ar{) does not fork over Mq, so by the definition of <bs we 
have {Mo, No, a) <bs {M[,N[,a). 

As {Mo,NQ,a) G K^'^'^, by the definition of K^'"*^ (and chasing arrows) we 
conclude that there are N2, f2 such that: 

(*) Ni <^[s] N2 e Kx and /2 is a <^-embedding of into A^2 extending f^^ 
and idjVo • 

As NF(Mo, A^O: -^1: A^i) and NF is preserved under isomorphisms (see clause (a) 
in 6.1(1)) it follows that NF(Mo, No, Mi, /2(A{)). By the monotonicity of NF (see 
clause (c)2 of Definition 6.1) it follows that NF(Mo, ATq, Mi, Ar2). Again by the 
same monotonicity we have NF(Mo, A'^o, Mi, Ai), as required. 

2) First we prove that NF;^ siNo, Ni, N2, A3), which is defined in Definition 6.9 be- 
low implies NF(Ao, Ai, A2,' A3). By definition 6.9, clause (f) there are ((Ai,i, A2,j : 
i < Xx5i)), {ci : i < Xx5i) as there. Now we prove by induction on j < XxSi that 
i < j NF(Ai^j, N2^i, Nij, N2j). For j = or more generally when i = j this is 
trivial by 6.2(2). For j a limit ordinal use the induction hypothesis and transitivity 
of NF (see clause (e) of 6.1(1)). 

Lastly, for j successor by the demands in Definition 6.9 we know that Nij-i 
Nij <si A2J, Ai,j_i <^ A2,j_i <si N2J are all in Kx, tp(q_i, A2j_i, A2j) does 
not fork over Nij-i and (Ai j_i, Ai j, Cj_i) e K^'^"^. By part (1) of this claim we 
deduce that NF(Ai,j_i, Ai^j, A2,j-i, A2,j) hence by symmetry (i.e., clause (d) of 
Definition 6.1(1)) we deduce NF(Ai j_i, A2j_i, Ai j, A2j). 

So we have gotten i < j ^ NF(Ai,i, A2,i, Nij, N2j). 
[Why? If i = J — 1 by the previous sentence and for i < j — 1 note that by the 
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induction hypothesis NF(A''i^i, A^2,i, -^ij-i, -^i j-i) so by transitivity (clause (e) of 
6.1(1) of Definition 6.1) we get NF{Ni,i, N2,i,Nij, N2,j)]. 

We have carried the induction so in particular for i = 0,j = awe get NF(A'"i^o, -^2,0, -^i,a) -^2, a) 
which means NF(A^05 Ni,N2, N3) as promised. So we have proved NF;^ si^o, Ni,N2, N^) =^ 
NF{No,Ni,N2,Ns). 

Second, if NF>,(A^O: -^i, -^2, -^3) as defined in Definition 6.10 then there are 
Mo,Mi,M2,M3 e Kx such that NFa,(a,a)(Mo, Mi, M2, M3), AT^ <^ Me for £ < 4 
and Nq = Mq. By what we have proved above wc can conclude NF(Mo, Mi, M2, M3). 
As No = Mo <^ Ni <^ Mi for £ = 1, 2 by clause (c)i of Definition 6.1(1) we get 
NF(Mo, iVi, iV2, Ms) and by clause (0)2 of Definition 6.1(1) we get NF(iVo, Ni, N2, N3). 
So we have proved the implication NFA(iVo, Ni, N2, Ns) ^ NF(iVo, iVi, N2, N3). Us- 
ing this, the equivalence follows by the existence, uniqueness and monotonicity. 
3) By the rest of this section, i.e., the main conclusion 6.32, the relation NFa de- 
fined in 6.10 is a non-forking relation on ^(i^s) respecting 5. Hence by part (2) of 
the present claim we have NFi = NF^ = NF2. De.s 

6.4 Example : 1) Do we need 5 in 6.3(3)? Yes. 

Let ^ be the class of graphs and M <^ A?" iff M C iV; so is an a.e.c. with 
LS(i^) = Kq. For cardinal A and £ = 1,2 we define NF^ = {(Mq, Mi, M2, M3) : 
Mo <si Ml <si Ms and Mo <ii M2 <^ M3 and Mi n M2 = Mq and if a e 
Mi\Mo, b e M2\Mo then {a, 6} is an edge of M3 iff £ = 2} and NF^ := {(Mo, Mi, M2, M3) e 
NF : Mo,Mi,M2,M3 e Kx}. Then NF^ is a non-forking relation on ^(i^A) but 
NFl NF2. 

2) So the assumption on .^a that for some good A-frame 5 we have = is quite 
a strong demand on .^a- 

However, the assumption "respect" essentially is not necessary as it can be de- 
duced when s is good enough. 

Below on "good"*"" see IV§1 in particular Definition IV.?. 

6.5 Claim. Assume that s is a good^ \- frame and NF is a non-forking relation on 
^(.fts). Then NF respects s. 



Remark. The construction in the proof is similar to the ones in 4.9, 6.12. 

Proof Assume NF(Mo, Mi, M2, M3) and a e M2\Mo, tps{a,Mo,M2) G ^^''"(Mq). 
We define (A^o.i, A^i,^, fi) for ^ < A+ as follows: 

®i (a) A^o,i is <s-increasing continuous and A^q^q = Mq 
{b) Ni^i is <s-increasing continuous and A^'i^o = Mi 
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(c) NF{No,^,N^,^,No,^+l,N^,^+l) 

(d) fi is a <i^-embedding of M2 into A^o,i+i over Mq = Nq^ such that 

tps(/j(a), A^o,i,-/Vo,i+i) does not fork over Mq — Nq q. 

We shall choose fi together with No^i+i, Ni^i+i. 

Why can we define? For i = there is nothing to do. For i limit take unions. 
For i = j + 1 choose fj, A^o,i satisfying clause (d) and Nqj <s No^i, this is possible 
for 5 as we have the existence of non-forking extensions of tps(a, Mq, M2) (and 
amalgamation) . 

Lastly, we take care of the rest (mainly clause (c) of ®i by clause (f ) of Definition 
6.1(1), existence). Now 

®2 for z < j < A+ we have NF(iVo,^, iVi,„ A^o,j, iVi,j) 

[why? by transitivity for NF, i.e., clause (e) of Definition 6.1(1), transitivity] 

®3 for some i, tpg(/i(a), A^'i^^, A^'i^^+i) does not fork over Mq 
[why? by the definition of good"'"] . 

So for this i,Mo <s fi{M2) <s -/Vo,i+i by clause (d) of hence by clause (c)i 
of Definition 6.1, monotonicity we have NF(Mo, Mi, /i(M2), A'^i.i+i). Now again 
by the choice of i, i.e., by ®3 we have tpg{fi{a), Mi, Ni^i^i) does not fork over 
Mq. By clause (g) of Definition 6.1(1), i.e., uniqueness of NF (and preservation by 
isomorphisms) we get tps(a. Mi, M3) does not fork over Mq as required. De.s 

We turn to our main task in this section proving that such NF exist; till 6.32 we 
assume: 

6.6 Hypothesis. 1) s = (.ft, (JJ, y^^) is a good A-frame. 

2) 5 is weakly successful which just means that it has existence for K^'^^: for 
every M e Kx and p E y^%M) there are N, a such that (M, N, a) e K^'"'^ (see 
Definition 5.3) and p = tp(o,M,Ar). (This follows by K^'"'^ is dense in K^'^^; 
when 5 is categorical, see 5.8.) 

In this section we deal with models from Kx only. 

6.7 Claim. If M E Kx and N is (A, tij-brimnied over M , then we can find M = 
{Mi : i < d), <ii-increasing continuous, (Mj, Mj_|_i, q) G K'^''^^,Mq — M,Ms = N 
and S any pregiven limit ordinal < A"*" of cofinality k divisible by A. 

Proof. Let 6 be given, e.g., 6 = X x k. By 6.6(2) we can find a <^-increasing 
sequence {Mi : i < d) of members of Kx and {ai : i < d) such that Mq — M and 
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i < 5 ^ {Mi,Mi+i,ai) e kI'"^"^ and for every i < S,p e y^%Mi) for A ordinals 
j e (^,^ + A) we have tp(aj, M,-, Mj+i) is a non-forking extension of p. So the 
demands in 4.3 hold hence Ms is (A, K)-brimmed over Mq — M . Now we are done 
by the uniqueness of N being (A, K)-brimmed over Mq, see 1.16(3). De.T 

6.8 Claim. J/ <^ M[ <^ M| and <^ M| <^ M|, q e Mf anci 
{Ml,M[,ct) e kI^"""^ and tp(Q, M|, M|) e ^^s^^f^ ^^g^ not /orA; owr and 
M3 is {X, a) -brimmed over Mf U M| a// this for £=1,2 and U is an isomorphism 
from M} onto Mf for i = 0, 1,2 such that /o C /i, /q C /2 and /i(ci) = C2, then 
fi U /2 can 6e extended to an isomorphism from M3 onto M3 . 

Proof. Chase arrows (and recall definition of K^^^"^), that is by 6.1(1) and Definition 
6.2(1) and 1.16(3). De.s 

6.9 Definition. Assume 6 = {61, 62, 63), Si, 82, Ss are ordinals < A^, maybe 1. We 

say that NF;^^(A^0 7 Ni, N2, N3) or, in other words A^i, N2 are brimmedlv smoothlv amalgamated 
in A^3 over A'^q for 6 when: 

(a) Ng e Kx for £ e {0,1,2,3} 

(b) No <siNe<jiNs for £ = 1,2 

(c) A"! n A^2 = A'o (i-e. in disjoint amalgamation, actually follows by clause (f)) 

(d) Ni is ( A, cf(5i)) -brimmed over A^o; recall that if cf{5i) = 1 this just means 

A^o <^ A^i 

(e) N2 is (A,cf(52))-brimmed over A'o; so that if cf(52) = 1 this just means 
No<siN2 and 

(/) there are A'l^i, A'2,i for i < A x 5i and q for i < A x di (called witnesses and 
(A^i^j, A^2,i5 c-,- : z < A X 5i, j < A X 5i) is called a witness sequence as well as 
(A^i,i : ^ < A X Si), (A^2,i : ^ < A x Si)) such that: 
(a) Ni^o = No, Ni,xx5, = Ni 
iP) N2,o = N2 

(7) (-Ag,i : z < A X 5i) is a <^-increasing continuous sequence of models 

for £ = 1,2 

(S) (Ari,„Ari,,+i,c,) gKJ'"^ 

(e) tp(ci, A^2,j, A'2,i+i) e y^%N2,^) does not fork over Ni^i and N2,i n 
A"i = Ni^i, for z < A X 5i (follows by Definition 5.3) 

{() A^3 is (A,cf(53))-brimmed over A'2,ax5i; so for cf(53) = 1 this means 
just A^2,Ax5i <A N3 
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N3 

6.10 Definition. 1) We say A^i (JJ N2 (or A^i, A^2 are smoothly amalgamated over 

No 

No inside N3 or NFa(A^o, A^i, A^2, iVs) or NFs{No, Ni, N2, N3)) when we can find 
Mi e Kx (for £ < 4) such that: 

(a) NFa,<a,a,a>(^o,Mi,M2,M3) 
{h) Ni <^ Mt for £ < 4 

(c) No = Mo 

(d) Mi,M2 are (A, cf(A))-brimmed over A^o (follows by (a) see clauses (d), (e) 
of 6.9). 

2) We caU (M, N, a) stronglv bs-reduced if (M, N, a) e kJ'^' and (M, iV, a) <bs 
(M', AT', a) e kJ*"' =^ NFa(M, AT, M', iV'); not used. 

Clearly we expect "strongly bs-reduced" to be equivalent to "G K^'^^" , e.g. as 
this occurs in the first order case. We start by proving existence for NF^^j from 
Definition 6.9. 

6.11 Claim. 1) Assume S — 62, ^3), Si an ordinal < and N^ e Kx for £ < 3 
and Ni is {X,cf (Si) )-brimmed over Nq and N2 is {X,cf (62) )-brimmed over Nq and 
No <^ Ni and No <ji N2 and for simplicity Ni n N2 = Nq. Then we can find N3 
such that NF;,^^(A^o, Ni, N2, Ns). 

2) Moreover, we can choose any {Ni^i : i < X x di) , {ci : i < X x 61) as in 6.9 
subclauses (f){a), (7), (5) as part of the witness. 

3) IfNFxiNo, iVi, N2, N3) then N^nN2 = Nq. 



Proof. 1) We can find (A^i,i : i < X x di) and {ci : i < X x di) as required in part 
(2) by Claim 6.7, the (A, cf(A x 5i))-brimness holds by 4.3 and apply part (2). 

2) We choose the A^2,i (by induction on i) by 4.9 preserving A^2,i H Ni^xx52 = ^i.i! 
in the successor case use Definition 5.3 + Claim 5.4(3). We then choose N3 using 
4.2(2). 

3) By the definitions of NFa, NF;, Dcii 

The following claim tells us that if we have "(A, cf(53))-brimmed" in the end, then 
we can have it in all successor stages. 



CATEGORICITY IN ABSTRACT ELEMENTARY CLASSES 



93 



6.12 Claim. In Definition 6.9, if S3 is a limit ordinal and k = cf(/t) > ^0, then 
without loss of generality (even without changing {Ni^i : i < Xx Si) , {ci : i < Xx Si)) 

(g) iV2,i+i is (A, n)-hrimmed over Ni^^^i U A^2,i (which means that it is 
(A, n)-brimmed over some N , where iVi^^+i U A^2,i ^ N <^ A^2,i+ij- 



Proof. So assume NF^^siNo, Ni, N2, N3) holds as being witnessed by {Ni^i : i < 
X X Si), {ci : i < Xx Si) for £ = 1,2. Now we choose by induction on i < X x Si a 
model M2,i G Kx and fi such that: 

(i) fi is a <j^-embedding of N2,i into M2,i 

(ii) M2,o = f^{N2) 

(iii) M2^i is < ^-increasing continuous and also fi is increasing continuous 

{iv) M2,j n /,(iVi,,) = /.(iVi,,) for j < i 

(v) M2,i+i is (A, «:)-brimmed over M2,i U /i(A^2,i+i) 

(ot) tp(/i+i(Q),M2,i,M2,i+i) e =5^^^(M2,i) does not fork over /i(iVi,i). 

There is no problem to carry the induction. Using in the successor case i = j + 1 
the existence Axiom (E)(g) of Definition 2.1 there is a model M2 j G Kg such that 
-^2,j M2 j and /i I) fj as required in clauses (i), (iv), (vi) and then use Claim 
4.2 to find a model M2,i G i^A which is (A, «;)-brimmed over M2J U fi{N2^i). 

Having carried the induction, without loss of generality /j = idyvj^. Let M3 
be such that M2^\xSi -^3 £ -^A and M3 is (A,cf((53))-brimmed over M2,ax5i) 
exists by 4.2(2) but N2^\xSi <^ -^2,Ax5h hence it follows that M3 is (A, K)-brimmed 
over A^i,Ax5i- So both M3 and A'^s are (A,cf(53))-brimmed over A2,ax<5i7 hence they 
are isomorphic over A2,ax5i (by 1-16(1)) so let / be an isomorphism from M3 onto 
Ns which is the identity over A2,ax5i- 

Clearly {Ni^i : i < Xx Si), {f{M2,i) :i < Xx Si) are also witnesses for 

NF;^ j(Ao, Ni, N2, A3) satisfying the extra demand (g) from 6.12. □6.12 

The point of the following claim is that having uniqueness in every atomic step we 
have uniqueness in the end (using the same "ladder" Ai j for now). 

6.13 Claim. (Weak Uniqueness). 

Assume that for x G {a,b}, we have NF;)^ ,50: (Aq , Af , A2 , Af ) holds as witnessed 
by {Nli :i<XxSf),{cf:i<XxSf), {N^^ -.iKXxSf) and Si := Sf = S^ ci{S^) = 
d{S^) and cf(5^) = cf(5|) > No. 
(Note that cf(A x Sf) > by the definition ofNF). 
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Suppose further that is an isomorphism from Nf onto for £ = 0, 1,2, 
moreover: /o C A, /o C f, and f^{N-.) = Nl,, f^{c-) = c\. 

Then we can find an isomorphism f from N§ onto extending /i U /2. 



Proof. Without loss of generality for each i < X x Si, the model A^2 is (A, A)- 
brimmed over Nf^^j^-^ U A^f ^ (by 6.12, note there the statement "without changing 
the Ni/s"). Now we choose by induction on z < A x 5i an isomorphism gi from 
A^2,i onto A^2,i that: g^ is increasing with i and g^ extends (/i \ N^^) U /2. 
For i = choose go = /2 and for i limit let g^ be gj and for z = + 1 it exists 

by 6.8, whose assumptions hold by (iVf j, A^'f j^^, cf ) G K^'^^ (see 6.9, clause (f)(5)) 
and the extra brimness clause from 6.12. Now by 1.16(3) we can extend gxxSi to 
an isomorphism from onto as is (A, cf(53) ) -brimmed over -/Vf^;^x<5i (^^^ 
xe{a,b}). De.ia 

Note that even knowing 6.13 the choice of (A^i,i : i < A x 5i), {ci : i < X x 5i) 
still possibly matters. Now we prove an "inverted" uniqueness, using our ability to 
construct a "rectangle" of models which is a witness for NF;^ ^ in two ways. 

6.14 Claim. Suppose that 

(a) for X e {a, 6} we have NF^ ^- (Nq , iVf , N^, N^) 

(6) 5^ = (5f,5f,5f),5« = S^, 5f = S^diS^) = d{S^), all limit ordinals 

(c) /o is an isomorphism from Nq onto Nq 

(d) fi is an isomorphism from onto 

(e) /2 is an isomorphism from N2 onto Ni 
if) foQfi andfoCf^. 

Then there is an isomorphism from N§ onto extending /i U /2 . 



Before proving we shall construct a third "rectangle" of models such that we shall 
be able to construct appropriate isomorphisms each of N§, 

6.15 Subclaim. Assume 

(a) < A""" are limit ordinals 

{b)i = (M^ : a < A X 5") is <^-increasing continuous in Kx 
and {M'^,Ml+,,Ca)eKl'''' 
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(5)2 = (M^ : a < Xxd2) is <^-increasing continuous in Kx and (M^, M^_^i, d, 
7^3, bs 

(c) = M2 we call it M and M^n M'^ = M for a < X x Sf, f3 < \ x 5^. 
Then we can find Mij (for i < X x and j < X x ) and M3 such that: 

(A) Mi J e Kx and Mo,o = M and Mi^ = M/, Mqj = M| 
{B) ii<i2 & ji < 32 Mi, J, <^ Mi, J, 

(C) if i < X X Si is a limit ordinal and j < A x 5f then Mij = M^j 

(D) if i < X X 5f and j < X x S2 is a limit ordinal then Mij = Mj^^ 

(E) Mxx5^,j+i is {X,cf{Sf)) -brimmed over M^^ga ■ for j < Xx 82 

(F) Mi+i^xxS^ is {X,d{S^)) -brimmed over Mi^xxd^ for i < X x 

(G) Mxx6i,xxd^ <A Ms e Kx moreover 

M3 is {X,cf{S§)) -brimmed over Mxx5^,Xx6^ 

(H) for i < X X Sfjj < X X S2 we have tp{ci, Mij, Mj+ij) does not fork over 
Mi,o 

(/) for j < A X ^2 , ^ < A X 5i we have tp{dj, Mij, Mij+i) does not fork over 
We can add 

(J) fori < XxSi,j < XXS2 the model Mi^ij^i is (A, *)-brimmed over Mij^iU 
M,+i,j. 

Remark. 1) We can replace in 6.15 the ordinals X x {£ = 1, 2, 3) by any ordinal 
a" < A+ (for £ = 1, 2, 3) we use the present notation just to conform with its use 
in the proof of 6.14. 

2) Why do we need u{ in the proof below? This is used to get the brimmness 
demands in 6.15. 

Proof. We first change our towers, repeating models to give space for bookkeeping. 
That is we define *M^ for a < A x A x 5^ as follows: 

ifAx/3<a<Ax/3 + Aand/3<Ax5^ then = M^^^ 
if a = A X then = Ml. 
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Let ul = {A/3 : (3 < S^},ul = A x A x 5^\ul,ul = and for a = XjS e let 

Similarly let us define (for a < A x A x 5f ),'Uq, w^, and (o^ : a EUq). 

Now apply 4.11 (check) and get *Mij,{i < A x A x Si J < A x A x 
Lastly, for i < 6f,j < 5f let Mij = *Mxxi,Xxj- By 4.3 clearly *MAxi+A,Axi+A is 
(A, cf(A))-brimmed over *Mxxi+i,xxj+i hence Mj_|_ij_|_i is (A, cf(A))-brimmed over 
Mj+ijUMjj+i. And, by 4.2(1) choose M3 e Kx which is (A, cf(5f ))-brimmed over 

MxxS^,\xS^- ^6.15 



Proof of 6.14. We shall let M^j, M3 be as in 6.15 for 5" and M^, determined 
below. For x e {a, h} as NF;,^ (iVp , ATf , ATf , ATf ), we know that there are witnesses 
{Nli :i< Xx5f),{cf :i < Xx 5f), {N^^ : z < A x 5f ) for this. So {N^^ :i<Xx5f) 
is <^-increasing continuous and (A^f j, -^f,i+i, cf ) G ii'^'"'^ for i < A x (5f . Hence by 
the freedom we have in choosing and {ci : i < X x 5i) without loss of generality 
there is an isomorphism gi from ^^ga onto MxxS^ mapping A^"^ onto = M^^o 
and c" to c^; remember that ^^ga ~ N^. Let go = gi \ Nq = gi \ N^ q so gQof~^ 
is an isomorphism from Nq onto Mq^q. 

Similarly as 5\ = 82, and using the freedom we have in choosing and {di : 
i < Xx 5i) without loss of generality there is an isomorphism (72 from ^^ga onto 

Mj = Mo,Ax<5f mapping N^j onto Mqj (for j < A x ^f) and mapping to di and 
g2 extends go o f~^. 

Now would like to use the weak uniqueness 6.13 and for this note: 

(a) NFx^s-i^o^ ^3 ) is witnessed by the sequences {N^^^ : i < X x S^), 

and '{N^^i : i < X x 6f) 
[why? an assumption] 

(/?) NF;^ 5- (^0,0, Mxxsi,0i Mo,xxS-, Ms) is witnessed by the sequences 
(Mi,o : i < A X 51), {M,,xx5^ : i < X x 5^) 
[why? check] 

(7) ^0 is an isomorphism from N§ onto Mo,o 
[why? see its choice] 

(5) gi is an isomorphism from onto Mxx5f,o mapping AT^^ onto M^^o for 
i < Xx 5i and cf to for z < A x 5f and extending go 
[why? see the choice of gi and of go] 

(s) 92 ° /2 is an isomorphism from N2 onto Mo^xxS^ extending ^fQ 

[why? /2 is an isomorphism from N2 onto A^^ and g2 is an isomorphism 
from onto Mo,xxS^ extending go o f~^ and fo Q f2]- 
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So there is by 6.13 an isomorphism from N§ onto M3 extending both gi and 

We next would Uke to apply 6.13 to the N^'s; so note: 

(a)' NF;,^t,(iVo^ iVf, N^, 7V|) is witnessed by the sequences {Nl^ : ^ < A x 
(Ar|^, : i < A X 5f ) 

(/?)' NF;^ 5b(Mo,o, Afo,Ax55, ^AxJf ,0, Ms) is witnessed by the sequences 
(Mo,',- : J < A X (Max5»j : J < a X 

(7)' 5'o o (/o)~^ is an isomorphism from Nq onto Mo,o 
[why? Check.] 

i^y 92 is an isomorphism from onto Mq^ax^j mapping j onto Mqj and 
to dj for J < A X ^2 s-iid extending go o (/2)~^ 
[why? see the choice of (72: it maps A''^^- onto Mqj] 

(e)' gi o {fi)~^ is an isomorphism from onto Mx^sg extending go 

[why? remember /i is an isomorphism from onto extending /o and 
the choice of gi: it maps onto Max^j.o]- 

So there is an isomorphism g^ form A^g onto extending and gr^^ o (/i)"-*^. 
Lastly {g3)~^ o is an isomorphism from onto A^g (chase arrows). Also 

ii9lr'ogl) \ = {gl)-\g^ \ N^) 

= i9lr'9i = ii9lr' \Mx^s^,o)ogi 

= i9|\N^)-'og, = {{g^o{f,)-Y')ogl 

= ifi o {9i)~^)°9i = fi- 

Similarly {{gl)-' o g^) \ N§ = 

So we have finished. □6.14 

But if we invert twice we get straight; so 

6.16 Claim. [Uniqueness]. Assume for x e {a,b} we have 

mx,s4NS,Nf,N-,N-) and cm) = cf (^i^), cf ((J^") = d{S'^),d{SI) = cf(5|), all 
5^ limit ordinals < A"*". 

// ft is an isomorphism from, onto for £ < 3 and fo Q fi, fo Q /2 then 
there is an isomorphism f from onto extending /i, /2- 



98 



SAHARON SHELAH 



Proof. Let = {SI, S^) = {S^, S^, 5f ); by 6.11(1) there are (for £ < 3) such 
that NF)^ go{N^, iVf , iV|, iV|) and ^ Ng. There is for a; e {a, 6} an isomorphism 
from A^Q onto A^g and without loss of generahty Qq = ° /o- Similarly for 
X G {a, 6} there is an isomorphism gf from A^f onto A*"! extending (/q (as A'^f 
is (A, cf(5f ))-brimmed over Nq and also A^| is (A, cf(52))-brimmed over A^q and 
cf(^2) — cf(5") = ci{5f)) and without loss of generality g\ — gl ° fi- Similarly 
for X e {a,b} there is an isomorphism from A^f onto A^f extending gQ (as A^f 
is (A, cf(5f ))-brimmed over Nq and also Ni is (A, cf(5^))-brimmed over A^q and 
cf(5J) = cf(52) = ^^{62)) and without loss of generality g2 — 92° h- 
So by 6.14 for x G {a, 6} there is an isomorphism g^ from A^f onto extending 
gf and gff . Now (5^3)"^ o gs is an isomorphism from ATg onto ATg extending /i, /2 
as required. De.ie 

So we have proved the uniqueness for NF;^ ^ when all Sg are limit ordinals; this means 
that the arbitrary choice of (A^i,i : i < X x 5i) and : i < A x 5i) is immaterial; 
it figures in the definition and, e.g. existence proof but does not influence the net 
result. The power of this result is illustrated in the following conclusion. 

6.17 Conclusion. [Symmetry]. 

If 'NFx^(^s^^5^^s^^{No, Ni, N2, N3) where 52,^3 are limit ordinals < A+ then 

NFx,{S„S^,Ss)INo,N2,Ni,N3). 



Proof. By 6.15 we can find N'^ii < 3) such that: A^^ = A^q, A^^ is (A,cf(5i))- 
brimmed over Nq, N2 is (A, cf(52))-brimmed over Nq and N^ is (A, cf(53))-brimmed 
over NiUN^ and mx,(^s„s„s,)iK Ni, N^, Nf,) and NFx,is,M,s,)iK ^i, N^). 
Let /i,/2 be an isomorphism from Ni, N2 onto N[, N2 over A^o; respectively. By 
6.16 (or 6.14) there is an isomorphism f^ form ATg onto ATg extending /i U /2. As 
isomorphisms preserve NF we are done. De-iT 

Now we turn to smooth amalgamation (not necessarily brimmed, see Definition 
6.10). If we use Lemma 4.8, of course, we do not really need 6.18. 

6.18 Claim. 1) If NF ^ s{No, Ni, N2, N^) and 5i,52,5s are limit ordinals, then 
NFA(Aro, Ni,N2,Ns) (see Definition 6. 10). 
2) In Definition 6.10(1) we can add: 

{d)^ Mg is (A, cf{X)) -brimmed over Nq and moreover over Ng, 

(e) Ms is {X, cf{X)) -brimmed over Mi U M2 (actually this is given by clause 
(/)(C) of Definition 6.9). 
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3) If No <si Ni for £ = 1,2 and Ni n N2 = Nq, then we can find Ns such that 
NFx{No,NuN2,N3). 



Proof. 1) Note that even if every Si is limit and we waive the "moreover" in clause 
the problem is in the case that e.g. (cf(5"), cf(5^), cf(5^)) ^ (cf(A), cf(A), cf(A)). 
For £ = 1, 2 we can find = (M/ : z < A x (5^ + A)) and (cf : z < A x (5i + A)) 
such that = Nq, is <^-increasing continuous (M/, M/,^^, e K^'"'^ and if 
p e ^b^(M/) and z < A X {St + A) then for A ordinals j < A, tp(ci, M/^^-, M/+^.+i) 
is a non- forking extension of p. So M^^ ^ is (A, cf( 5^)) -brimmed over Mq = A^o and 
x(5^+A) (-^' cf(A))-brimmed over M^^^^; so without loss of generality M^^^^ — 
A^^ for £=1,2. 

By 6.15 we can find Mij for i < A_x (5i_+A) , j < A x (^2 +A) for S' := {Si +A, S2 +A, ^3) 
such that they are as in 6.15 for M-^, so Mo,o = -^0; then choose Mg e which 
is (A, cf(53))-brimmed over Max<5i,Ax<52- So NF;^^^(Mo,o, Max5i,o, Mo,ax52> -^s)^ hence 
by 6.16 without loss of generality Mo,o = -^0, -^Ax(5i,o = -^1,-^0, Ax52 = -^2, and 
A^3 = M3. Lastly, let M3 be (A, cf(A))-brimmed over Mg. Now clearly also 

NFa,(5i+a,52+A,53+A>(A^^0,0, AfAx(<5i+A),05 ^0,A x (^a+A) 5 ^s) and 

No = Mo,o, Ni = Max52,0 Max(52+A),0, = Mo,Ax52 <^ Mo,Ax(52+A) 

and Max(5i+A),o is (A, cf(A))-brimmed over Max5i,o and Mo,ax(52+A) is 
(A, cf(A))-brimmed over Mo^\xd2 and A^3 = Mg <^ Mg. So we get all the require- 
ments for NFA(iVo, Ni, N2, N3) (as witnessed by (Mo,o, Max(5i+a),o, Mo,xx{S,+\), M3)) 

2) Similar proof. 

3) By 6.11 and the proof above. De-is 

Now we turn to NFa; existence is easy. 

6.19 Claim. NFa has existence, i.e., clause (f) of 6.1(1). 



Proof. By 6.18(3). De.ig 

Next we deal with real uniqueness 

6.20 Claim. [Uniqueness of smooth amalgamation]: 

1 ) IfNFx{Ng, iVf , iVf, N^) for x e {a, b}, fe an isomorphism from iV/ onto N^ for 
i < 3 and /o ^ /i, /o ^ /2 then fi U /2 can be extended to a < ^-embedding of N^ 

into some <si-extension of N^. 

2) So if above N^ is {X, K)-brimmed over Ni U N2 for x = a,b, we can extend 
fi U /2 to an isomorphism from A^g onto N^. 
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Proof. 1) For x G {a, b] let the sequence (Mf : £ < 4) be a witness to 
NFx{N§,N^,N^,N^) as in 6.10, 6.18(2), so in particular 

^F\,(x,x,x){Mq , Ml M2 -I M^). By chasing arrows (disjointness) and uniqueness, 
i.e. 6.16 without loss of generality M/ = for £ < 4 and /o = idAr^-. As Mf 
is (A, cf( A)) -brimmed over A'^" and also over (by clause {d)+ of 6.18(2)) and /i 
is an isomorphism from A^f onto Ni, clearly by 1.16 there is an automorphism gi 
of such that /i C ^ri, hence also idjv« = /o Q fi Q Qi- Similarly there is an 
automorphism g2 of extending /2 hence /q. So ^r^ e AUT(M") for £ = 1,2 and 
gi \ Mq = /o = fi'2 t Mq. By the uniqueness of NF;s^^^;^^;s^ ,!^^ (i.e. Claim 6.16) there 
is an automorphism g^ of M3 extending giUg2. This proves the desired conclusion. 
2) Should be clear. □6.20 

We now show that in the cases the two notions of non-forking amalgamations are 
meaningful then they coincide, one implication already is a case of 6.18. 

6.21 Claim. Assume 

(a) d — {61,62, Ss), Si < is a limit ordinal for £ = 1,2, 3; 
No <^ m <A N3 are in Kx for £ = 1,2 

(b) N£ is {X,cf (Si)) -brimmed over Nq for £ =1,2 

(c) A^3 is cf {S3) -brimmed over Ni U N2. 

Then mx{No, N^, N2, Ns) iffNF^^siNo, iVi, iVs, N^). 



Proof. The "if direction holds by 6.18(1). As for the "only if direction, basically 
it follows from the existence for NF^^ ^ and uniqueness for NF;^; in details by the 
proof of 6.18(1) (and Definition 6.9, 6.10) we can find Mi{£ < 3) such that Mq = 
No and NF;^ ^(Mo, Mi, M2, M3) and clauses (b), (c), (d) of Definition 6.10 and 
{d)+ of 6.18(2) hold so by 6.18 also NFa(Mo, Mi, M2, M3). Easily there are for 
£ < 3, isomorphisms from Mi onto Ni such that fo = ft \ M^ where /o = 
idjVo- -^y ^^^6 uniqueness of smooth amalgamations (i.e., 6.20(2)) we can find an 
isomorphism /a from M3 onto A^s extending /i U /2. So as ^F^ s{Mq, Mi, M2, M3) 
holds also NF;,,5-,(/o(Mo),/3(Mi),/3(M2),/3(M3)); that is NF;,,5-(Aro, A^i, Ar2, Ar3) 
is as required. □6.21 



6.22 Claim. [Monotonicity] : If NFx{No, Ni, N2, N^) and Nq <^ N[ <^ A^i and 
No <^ Ni <A N2 and N^UN^C <^ N^', N3 <^ N^' then NFx{No, N[, N^, N^). 



Proof. Read Definition 6.10(1). 



1^6.22 
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6.23 Claim. [Symmetry]: NFx{No, Ni, N2, Ns) holds if and only if 
NFx{No,N2,Ni,N3) holds. 



Proof. By Claim 6.17 (and Definition 6.10). □6.23 
We observe 

6.24 Conclusion. If l<\Fx{No, Ni, N2, Ns), N3 is (A, a-)-brimmed over Ni Li N2 and 
A > (7, K > ^^05 then there is N2 such that 

(a) NFA(iVo,iVi,iV2'",^^3) 

(b) N2 <si N+ 

(c) A^2'~ is (-^1 K)-brimmed over A'^o and even over N2 

(d) Ns is (A, a")-brimmed over Ni U A*"^. 

Proof. Let be (A, «;)-brimmed over N2 be such that n N3 = N2. So 

by existence 6.19 there is N+ such that NFA(iVo, ^^i, ^^2^, ^^3^) and N+ is (A, cr)- 
brimmed over Ni U N}. By monotonicity 6.22 we have NFA(iVo, Ni, N2, N^). So 
by uniqueness (i.e., 6.20(2)) without loss of generality A^s = N^, so we are done. 

^6.24 

The following claim is a step toward proving transitivity for NF^; so we first deal 
with NF^^j. Note below: if we ignore we have problem showing NFa^^(A^o 5 ^0 ' 
Note that it is not clear at this stage whether, e.g. is even universal over A^^^, 
but A"^ is; note that the are <j5-increasing with i but not necessarily continuous. 
However once we finish proving that NF^ is a non-forking relation on respecting 
5 this claim will lose its relevance. 

6.25 Claim. Assume a < X'^ is an ordinal and for x G {a, 6, c} the sequence 
= (A^f : i < a) is a <^-increasing sequence of members of K\, and for x — a,b 

the sequence AT^ is <R-increasing continuous, N^r\N^ = Nf, Nfr\N^ = N°-, Nf <^ 
<A and is (A, 62)-brimmed over N§ and NF^^s^i^i, ATf^i, ATf , AT^^^) (so 
necessarily i < a ^ Nf <^ ^i+i) where 

5^ = (Sl^Sl^Sl) with 51, 51, 51 are ordinals < A"*" and ^3 < A"*" is limit, is 
(A, ci{5z))-brimmed over N^,5i = 5^ and 5^ = 5^ and 52 = 52 , 5 = {5i,52, 5^). 

I3<a 

ThenNFx-siNS,N^,N^,N^)- 
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Proof. For i < a let (iV{ iV-^^^, c?^ : e < X x 5l,C < X x S{) be a witness to 
NF;, 5i(iVf , iVf^i, N^, iV^+i). Now we define a sequence (iVi,^, iVa,^, dl : e < X x 6i 
and C < A X 5i) where 

(a) iVi,o = iV«,iV2,o = iVo^and 

(6) if A X < C < A X iJ^Si) then we let iVi,^ = Nle,.N2,c = iV|^,^ 

where £^ = C ~ x ^i) and 

j<i 

(c) if < C = A X ^ 5^' we let Ni^^ = Nf, N2,c = = a {ii i is non-limit 

we should note that this is compatible with clause (b), note that by this if 
i = a then A^i,^ = iV;j, N2,c = ^{N^^xxS, : ^ < «} 

{d) if A X ^i) < C < X ^i) ^^^^ = 4c where = ( - A x 

j<i j<.i 

(J]5jHU{iV*^:C<Ax(5]5l). 

Clearly {Ni^c, '■ C ^ Xx 5i) is <j^-increasing continuous, and also (A^2,c ^ C ^ ^ '^i) 
is. Obviously (A^i^^, A''i^^+i, d^) G K^^"^ as this just means -^i^g^+i, (i^) G 

kJ'^^ when A X X 5j : J < C < A X X 51 and £^ as above. 

3<i j<i 

Why tp(c?^, iV2,^, iV2,<^+i) does not fork over A^i,^ for (, i such that A x 5{)( < 

j<i 

X X If A X X S{ < C this holds as it means tp(ci|^ , N^^^^ , A^2,ec+i) ^^^^ 

fork over A'"^ ^. If A x = C this is not the case but NI^q — Ni^^^ <^ A^2,c ^fi 

j<i 

= A^2,o we know that tp(rf,^, AT^ q, A^^ J does not fork over A^{ q = ATi^^ 
hence by monotonicity of non-forking tp((i^, A^2,C) ^2,c+i) does not fork over A^i^^ 
is as required. 

Note that we have not demanded or used "iV'^ continuous" ; the is really needed 
for i limit as we do not know that A^^^ is brimmed over A^". 06.25 

6.26 Claim, [transitivity] 1 ) Assume that a < A""" and for x e {a, 6} we have 

{Nf : i < a) is a <^-increasing continuous sequence of members of Kx- 

If NFA(Arf , ATf^i, AT^, ATf+i) for each i < a then NFxiN^, N^, N^, N^) . 

2) Assume that ai < A"'",q;2 < A+ and Mij G Kx (for i < ai,j < a2) satisfy 

clauses (B), (C), (D), from 6.15, and for each i < ai,j < a2 we have: 
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Then Mi^o iD Mqj for i<ai,j <a2. 
Mo,o 



Proof. 1) We first prove special cases and use them to prove more general cases. 

Case A : N^,^-^^ is (A, «;i)-brimmed over N°' and N^^^ is (A, a"i)-brimmed over N":^^ U 
N!j^ for i < a {ai infinite, of course). 

In essence the problem is that we do not know ''''N^ is brimmed over AT?"' (i 
limit) so we shall use 6.25; for this we introduce appropriate N^. 

Let d\ — S2 ~ SI = (Ti where we stipulate Uq, = A. For i < a we can choose 
TV? e Kx such that 

(a) NP <^ Nf <^ AT^+i, Nf is (A, Ki)-brimmed over iV^, and 
NF;,,<,j,,.,,.)(iVf,iVf+i,iVf,Ari;,) 

{h) e Kx is (A, 5f=)-brimmed over 

(c) (A^f : z < a) is <^-increasing (in fact follows) 

(Possible by 6.24). Now we can use 6.25. 

Case B : For each z < a we have: N:^,^ is (A, Ki)-brimmed over N^. 

In essence our problem is that we do not know anything about brimmness of the 
A^j^, so we shall "correct it". 

Let 5^ — {Ki, A, A). 

We can find a <^-increasing sequence {Mf : i < a) oi models in Kx for x e 
{a, 6, c}, continuous for x = a,b such that i < a =^ Mf <^ <^ Mf <^ 

Mfj^^ and <^ and Mf is (A, Kj)-brimmed over Mf (hence over Mf) and 
NF;,5.(Mf,Mf+i,Mf,Mi'+i) by choosing Mf,M^,Mf by induction on i,M^ = 
Nq and Mq is universal over Mq recalling that the ^Fx si implies some brimness 
condition, e.g. M^_^-^ is (A, cf(53))-brimmed over Mf_^i U Mf. By Case A we know 
that NFA(Mo",M;J,Mo^M^) holds. 

We can now choose an isomorphism /q from A^q onto Mq , as the identity (exists 
as Mq = A^q) and then a <j^-embedding /q of A^q into Mq extending /q . Next 
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we choose by induction on i < a, an isomorphism from A^f onto Mf such that: 
j < i fj Q /f , possible by "uniqueness of the (A, Ki)-brimmed model over Mf" 
so here we are using the assumption of this case. 

Now we choose by induction on z < a, a < ^-embedding fl^ of A^^^ into M^f 
extending /f and /]* for j < i. For z = we have done it, for i limit use fj, 

j<i 

lastly for i a successor ordinal let i = j + 1, now we have 

(*)2 NFA(M;,MjVi,/j'(iVj'),Mj'+i) 

[why? because NF;,^^, {Mf, Mf^^, MJ, M^^^^) by the choice of the 
M^'s hence by 6.21 we have NFA(Mj^, Mf^^, MJ, Mj^^J and as 
^! = //(^/) /'(^i') ^ ^/ by 6.22 we get (*)2.] 

By (*)2 and the uniqueness of smooth amalgamation 6.20 and as M^_^^ is (A, ci{5^))- 
brimmed over -A^j'+i UMj* hence over M^j^^ U fj{Nj) clearly there is ff as required. 
So without loss of generality is the identity, so we have Nq = M^.N^ = 
M^, <^ Mo^ <^ M^; also as said above NFa(Mo", M^J, Mo^ M^) holds (using 
Case A) so by monotonicity, i.e., 6.22 we get NFxiNg, iV^, Nq, iV^) as required. 

Case C : General case. 

We can find M/ for £ < 3, z < a such that (note that = M^): 

(a) Mf G Kx 

(6) for each £ < 3, M/ is <j^-increasing in i (but for £ = 1,2 they are not 
required to be continuous) 

(c) = TVf 

(d) is (A, A)-brimmed over M/^^ U M/+^ for £ < 2, z < a 

(e) NFA(Mf , Mf+i, M/+\ M/+i^) for £ < 2, z < a 
(/) Ml = and is (A, cf(A))-brimmed over 
(g) for £ < 2 and i < a limit we have 

is (A, A)-brimmed over |J M^+^ U M/ 
(/i) for z < q: limit we have 

nFa([Jm/,m/,[Jm|,m^). 

j<i j<i 

[How? As in the proof of 6.15 or just do by hand.] 
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Now note: 

(*)3 Mf+^ is (A, cf(A X (1 + i)))-brimmed over M/ if £ = 1 V i ^ 

[why? If i = by clause (/), if i a successor ordinal by clause (d) and if i 
is a limit ordinal then by clause (g)] 

(*)4 forz<a,NFA(M0,M0+i,M2,M2^i). 

[Why? If z = by clause (e) for £ = 1, z = we get NFa(M(1, Ml, M^, Ml) 
so by clause (f) (i.e., Mq = Mq ) and monotonicity (i.e., Claim 6.22) we have 
NFa(M^, Ml, M^, Mf ) as required. If z > wc use Case B for a = 2 with 
M^,Mf^^,Ml,Ml^^,M^,Mf^^ here standing for N§, N^, N^, N^, N§, 
there (and symmetry).] 

Let us define iV/ for £ < 3, z < a by: is Mf if i is non-limit and = U{7V| : 
j < z} if z is limit. 

(*)5(i) {NI : z < a) is <j^-increasing continuous, = A^" and Nf <^ Mf 

(u) for z < a, NFA(iVO, Nf^,, Nf, N^,) 
[why? by (*)4+ monotonicity of NFa] 

(zzz) for i < a, Nfj^-^ is (A, cf( A)) -brimmed over Nf_^-^\JNf and even over AT^^^UAT? 
[why? by clause (d)] 

(*)6 NF^^^^^^^,){Nl,Nl,NlN^). 

[Why? As we have proved case A (or, if you prefer, by 6.25; easily the 
assumption there holds).] 

Choose /f = idiv" for z < a and let /q be a <^-embedding of Nq into A^q . 

Now we continue as in Case B defining by induction on z a < ^-embedding of 
into Nf, the successor case is possible by (*)5(n) + (*)5(zzz). In the end by (*)6 
and monotonicity of NF^ (i.e.. Claim 6.22) we are done. 

2) Apply for each i < a2 part (1) to the sequences (Myj^j : (3 < cti), {Mjs^i+i : 
(3 < CKi) so we get M^j^j (JJ Mo,i+i hence by symmetry (i.e., 6.20) we have 

Mo,i+i Qj Mai,i. Applying part (1) to the sequences (Mq,-,- : j < 012), (M^ij : 

j < Q!2) we get Mo,Q2 [JJ Mq,,,o hence by symmetry (i.e. 6.20) we have Mai,o [\) 

Mo,o Mo, 
so we get the desired conclusion. □6.26 
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6.27 Claim. Assume ck < A+, {N^ : i < a) is < ^-increasing continuous sequence 
of models for £ = 0, 1 where Nf e Kx and Ar?^j^ is (A, Ki)-brimmed over N^^-^ U 
andNFx{Nf,Nl,N^^,,Nl+,). 

Then is (A, cf(^ Ki))-brimmed over iV° U N^. 

i<a 

6.28 Remark. 1) If our framework is uni-dimensional (see IV§2; as for example 
when it comes from [Sh 576]) we can simplify the proof. 

2) Assuming only ''Njj^^ is universal over N^_^-^ U A^/" suffices when ct is a limit 
ordinal, i.e., we get A^ is (A, cf(Q;))-brimmed over A°. Why? We choose A? for 
j < I such that A? = Nj if j = or j a limit ordinal and A? is a model <s Nj 
and (A, Ki)-brimmed over Nj U A/ when j = i-\- 1. Now (A| : j < a) satisfies all 
the requirements in {Nj : j < a) in 6.27. 

3) We could have proved this earlier and used it, e.g. in 6.26. 

Proof. The case a not a limit ordinal is trivial so assume a is a limit ordinal. We 
choose by induction on i < a, an ordinal e{i) and a sequence (Mj^g : e < e{i)) and 
(cg : £ < e{i) non-limit) such that: 

(a) {Mi^g : e < e{i)) is (strictly) <^-increasing continuous in Kx 

(6) AO <si M,,e Nl 

(c) Af = M,,o and A/ = M,,,(,) 

(d) e{i) is (strictly) increasing continuous in i and e{i) is divisible by A 

(e) j <i k e< e{j) M,,^ n Nj = M,- ^ 

(/) for j < i and e < e{j + 1), the sequence {Mp^^ '• P G (j)^]) is <j^-incr easing 
continuous 

(g) for j <i,e < e{j) non-limit; the type tp{cs, Mi^s, Mi,g+i) G ^'"^(Mi,^) does 
not fork over Mj^^ (actually, here allowing all s is O.K., too) 

(h) Mj+i,e+i is (A, cf(A))-brimmed over Mj+i,e U Mi^e+i 

(i) if £ < e{i) and p e =i^^^(Mi,e) then for A successor ordinals ^ e [e, £(z)) the 
type tp(c^, Mj^^, Mj^^+i) is a non- forking extension of p. 

If we succeed, then {Moi,e '• £ < is a (strictly) <j^-increasing continuous 

sequence of models from KxiM^fi = A°, and MQ,e(Q,) = A^. We can apply 4.3 
and we conclude that A^ = M^e^eia) is (A, cf(Q!))-brimmed over M^e^eij) hence over 
A^UAi (both<^M«,i). 

Carrying the induction is easy. For i = 0, there is not much to do. For i 
successor we use "A|^j^ is brimmed over N^^-^^ U A/" the existence of non-forking 
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amalgamations and 4.2, bookkeeping and the extension property {E){g). For i limit 
we have no problem. □6.27 

6.29 Conclusion. 1) If NFx{No, Ni, N2, Ns) and {Mo,e : e < e{*)) is an <^- 
increasing continuous sequence of models from Kx, Nq <^ Mo,e <^ A^2 then we 
can find (Mi^g '■£<£{*)) and such that: 

(a) Ns <^ G Kx 

(b) {Mi^g : £ < £(*)) is <i^-increasing continuous 

(c) Mi,e n iV2 = Mo,e 

(d) Ni <si Ml,, <^ 

(e) if Mo,o = -/Vo then Mi,o = A^i 

(/) NFA(Mo,e, Ml,,, iV2, iV;^), for every e < £(*). 

2) If A^3 is universal over NiU N2, then without loss of generality = N^. 

3) In part (1) we can add 

(g) Mi,e+i is brimmed over Mo,e+i U Mi,,. 

Proof. 1) Define M^ ^ for i < e* := 1 + e{*) + 1 by M^ q = ^0, ^^,1+, = Mq,, 
for e < e{*) and Mq = N2. By existence (6.19) we can find an <^- 

increasing continuous sequence (M( ^ :£<£*) with M[ q = Ni and <^-embedding 
/ of N2 into M^^. such that £ <'£* ^ NFa(/(M^^ J, M{^o, /(M^^,+i), M{^,+i). 
By transitivity we have NFa(/(M^ g), M{ q, /(M^ g.), M{ g,). By disjointness (i.e., 
/(Mq g.) nM{ Q = Mq Q, see 6.11(3)) without loss of generality / is the identity. By 
uniqueness for NF there are N^, <^ G Kx and <^-embedding of M[ onto 
over iVi U 7V2 = M^^^, U M( ^ so we are done. 

2) Follows by (1). 

3) Similar to (1). □5.29 

6.30 Claim. NFa respects s; that is assume NFa(Mo, Mi, M2, M3) and a G Mi\Mo 
satisfies tp(a,Mo,M3) G ^'""(Mq), t/ien tp(a,M2,M3) G ^^"(M2) does not fork 
over Mq. 

Proof. Without loss of generality Mi is (A, >K)-brimmed over Mq. [Why? By the ex- 
istence we can find which is a (A, *)-brimmed extension of Mi. By the existence 
for NFa without loss of generality we can find M3+ such that NFa(Mi, , M3, M3+), 



108 



SAHARON SHELAH 



hence by transitivity for NF^ we have NFa(Mo, , M2, M^).] By the hypothesis 
of the section there are M[,a' such that Mq U {a'} C M[ and tp(a', Mo,M{) = 
tp(a, Mo, Ml) and (Mq, M( , a) G i^J'"*^; as M+ is (A, *)-brimmed over Mq without 
loss of generaUty M' M^^ and a' = a and Mi is (A, *)-brimmed over M[. We 
can apply 6.7 to M[,M^ getting (M*, : i < 5 < A+) as there. Let M'- be: Mq if 
i = 0, M* if 1+i = i so M[ = Mq* = M( and let be a if i = 0, aj if 1+j = i. So we 
can find M3 and / such that M2 <si M3, / is a <^-embedding of into M3 ex- 
tending idMo s^ch that NF;^^^5 ;)^)(Mo, f(M^), M2, M3) and Mg, this is witnessed 
by if (Ml) :i<5), (Mf : i < 5), {f{a^) : i < 5) and M^' = M2; this is possible by 
6.11(2). Hence NFa(Mo, /(M+), M2, iV) = NFa(/(M^), /(M^), M^', iV) hence by 
the uniqueness for NF^ without loss of generality / = id^+ and M3 <^ A^. By 
the choice of /, we have tp(a,M2,M3) = tp(ao,M2,iV) = tp(ao, M^', M{) e 
y^%Ml^') = ^'^"(M2) does not fork over M^ = Mq as required. De.ao 



6.31 Conclusion. If Mq <si Mi <si M3 for £ = 1,2 and (Mo,Mi,a) e Xj'"'^ and 
tp(o, M2, Ms) e ^'^"(M2) does not fork over Mq then NF(Mo, Mi, M2, M3). 

Proof. By the definition of K^'"*^ and existence for NF^ and 6.30 (or use 6.3 + 
6.32. De.si 

We can sum up our work by 

6.32 Main Conclusion. NF^ is a non-forking relation on "^(.^a) which respects s. 



Proof. We have to check clauses (a)-(g)+(h) from 6.1. Clauses (a),(b) hold by the 
Definition 6.10 of NF^. Clauses (c)i, (0)2, i.e., monotonicity hold by 6.22. Clause 
(d), i.e., symmetry holds by 6.23. Clause (e), i.e., transitivity holds by 6.26. Clause 
(f), i.e., existence hold by 6.19. Clause (g), i.e., uniqueness holds by 6.20. 

Lastly, clause (h), i.e., NF^ respecting s by 6.30. □6.32 

The following definition is not needed for now but is natural (of course, we can 
omit "there is super limit" from the assumption and the conclusion). For the rest 
of the section we stop assuming Hypothesis 6.6. 

6.33 Definition. 1) A good A-frame s is type-full when for M e i^s,^^'(^) = 
^-(M). 

2) Assume ^\ is a A-a.e.c. and NF is a 4- place relation on K\. We define t = 

U.,NF = (i^t,yLI,=^t^') as follows: 
t 
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(a) J^t is the A-a.e.c. 

(b) y^^'iM) is y^-'^iM) for M e 

(c) UJ is defined by: (Mq, Mi, a, M3) G |JJ when we can find M2, M3 such that 
t t 

Mo M2 M^, M3 M^, a e M2\Mo and NF(Mo, Mi, M2, M^). 

6.34 Claim. 1) Assume that 

(a) ^-5 a X-a.e.c. with amalgamation and a superlimit model 
(h) ^\ is stable 

(c) NF is a ^x-non-forking relation, see Definition 6.1(1). 
Then t = t^;,^,NF is a type-full good X-frame. 

2) Assume that s is a good X-frame which has existence for K ^'^^ (see 6.6(2)) and 
NF = NFa- Then t is very close to s, i.e.: 

(a) = ilt 

(6) ifpe y^\Mi) and Mq Mi then p G ^^'^"(Mi) and p forks over Mq 
for siffp forks over Mq for t. 



Proof. For the time being, left to the reader (but before it is reaUy used it is proved 
in IV.?). 

Remark. Note that this actuaUy says that from now on we could have used type-full 
5, but it is not necessary for a long time. 

6.35 Definition. 1) Let 5 be a good A-frame. We say that NF is a weak 5-non- 
forking relation where 

(a) NF is weak .^^-non-forking relation, see Definition 6.1(2), i.e., uniqueness is 
omitted 

(b) NF respects 5, see Definition 6.1(3) 

(c) NF satisfies 6.29, (NF-lifting of an < ^-increasing sequence). 

2) We say 5 is pseudo-successful if some NF is a weak s-non-forking relation wit- 
nesses it. 
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6.36 Observation. 1) If 5 is a good A-frame which is weakly successful (i.e., has 
existence for JCj"'^, i.e., 6.6) then NFa = NF^ is a weak 5-non-forking relation. 

2) If s is a good A-frame and NF is a weak s-non-forking relation then 6.31 holds. 

3) If s is a good A-frame and NF is an 5-forking relation then NF is a weak 5-non- 
forking relation. 

Proof. Straight. 

1) Follows by 6.32, NF^ satisfies clauses (a)-|-(b) and by 6.29 it satisfies also clause 
(c) of Definition 6.1(1). 

2) Also easy. 

3) We have just to check the proof of 6.29 still works. 

6.37 Remark. 1) In Chapter IV ,§1 -§11 we can use "s is pseudo successful as 
witnessed by NF -|- lifting of decompositions" instead of "s is weakly successful". 
We shall return to this elsewhere, see [Sh 838] , [Sh 842] . 
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§7 Nice extensions in Kx+ 

7.1 Hypothesis. Assume the hypothesis 6.6. 

So by §6 we have reasonable control on smooth amalgamation in K\. We use this 
to define "nice" extensions in Kx+ and prove some basic properties. This will be 
treated again in §8. 

7.2 Definition. 1) iiT^f^ is the class of saturated M e Kx+. 

2) Let Mo Ml mean: 

Mq <^ Ml and they are from Kx+ and we can find M^ = {Mf : z < A"*"), a 
<i^-representation of M^ for £ = 0, 1 such that: 
NFa(MO, Mf+i, Ml, Ml^,) for i < X+ . 

3) Let Mo < J+ ^ Ml mean^o that (Mq, Mi e and) Mq Mi by some 

witnesses M/ (for i < \+,£ < 2) such that NFa,(i,i,k) (Mf , M^^^, M/, Af^Yi) 
i < A+; of course Mq <^ Mi in this case. Let Mq ^ Mi mean (Mo = Mi e 
Ka+) V (Mq <++ ^ Ml). If K = A, we may omit it. 

4) Let = {(M,A^,a) : M <*+ iV are from Kx+ and a G A^\M and for 
some Mq <^ M, Mq G Kx we have [Mq <^ Mi <^ M & Mi G implies 

tp(a, Ml, A^) G ^''"(Mi) and does not fork over Mo]}. We caU Mo or tp(a, Mq, N) 
a witness for (M, N, a) G Ar^+ ^. (In fact this definition on K^+^ is compatible with 
the definition in §2 for triples such that M <^_,_ N but we do not know now whether 
even (Kjr, <l+) is a A+-a.e.c..) 

7.3 Claim. 0) K^f^ has one and only one model up to isomorphisms and M G 
^nice implies M <*+ M and M <++ M; moreover, M G Kx+ ^ M <*+ M. Also 
<*x+ is a partial order and if G Kx+ for £ = 0,1,2 and Mq <^ Mi <^ M2 and 
Mo <*x+ M2 then Mq <*x+ Mi. 

1) If Mq <*+ Ml and = (M/ : i < X+) is a representation of Me for £ = 0,1 
then 

(*) for some club E of , 

(a) for every a < (3 from E we have NFa(M°, M^, M^, M^) 

(6) if £ <2 and Me G K^f^ then for a < (3 from E the model M^ is 
(A, *) -brimmed over M^. 

2°Note that Mq <++ Mi implies Mi £ JsT"!^^ but in general Mq G -ftT^lf^ does not follow. 
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2) Similarly for ^: if Mq ^ Mi,M^ = (M/ : i < A"*") a representation 
of Mi for £ = 0, 1 then for some club E of A+ for every a < (3 from E we have 
NF;,,^i,i,,) (MO, MO, Ml, M}), moreo?;eriVF;,,^i,ef(Ax(i+/3)),.) (^o, MO, M^, M^) and 
if{M^,M^^,MlM}),Mo e i^^r ^^enw;e can add iVF;,,^;,,,f(;,^(i+^)),,)(MO, M^, M^, M^). 

3) The K in Definition 7.2(3) does not matter. 

4) If Mo <++^^ Ml, then Ml e K^^- 

5) If M G K\+ is saturated, equivalently M G then M has a <si-representation 
M = {Ma : a < X'^) such that Mi+i is (A, X) -brimmed over Mi for i < X'^ and also 
the inverse is true. 

6) If M <*+ N and Nq A^, Nq G Kx then we can find Mi <^ Ni from 
Kx such that Mi <^ M, A^o -^i N and: for every M2 G satisfying 
Ml M2 M t/iere is N2 <si N such that NF5(Mi, M2, iVi, iVa). 



Proof. 0) Obvious by now (for the second sentence use part (1) and NF^ being a 
non-forking relation on Ks) in particular transitivity and monotonicity. 

1) Straight by 6.26 as any two representations agree on a club. 

2) Up to "moreover" quite straight. For the "moreover" use 6.27 to show that 
Mp is (A, cf(/3))-brimmed over M^. Lastly, for the "we can add" just use part (5), 
choosing thin enough club E of A"*" then use {a & E : otp(Q; n E) is divisible by A}. 

3) By 6.27. 

4) By 6.27. 

5) Trivial. 

6) Easy. Dt.s 

7.4 Claim. 0) For every Mq G Kx+ for some Mi G K'^+'' we have Mq <a Mi. 

1) For every Mq G Kx+ and k = cf(K) < A for some Mi G K\+ we have Mq ^ 
Ml so Ml G 

lA) Moreover, if Nq <^ Mq G Kx+,Nq e Kx,p e ^^^(iVo) then in (1) we can add 
that for some a, (Mq, Mi, a) G K^^^ as witnessed by p. 

2) <*x+ and ^ are transitive. 

3) If Mq <^ Ml M2 are in Kx+ and Mq <*+ M2, then Mq <*+ Mi. 

4) If Ml <++^^ M2, theji Ml <*+ M2. 

5) If Mq <*+ Ml M2 then Mq M2. 



Proof. 0) Easy and follows by the proof of part (1) below. 

1), lA) Let (MjO : i < A"*") be a <j:t-representation of Mq with MO brimmed and 



CATEGORICITY IN ABSTRACT ELEMENTARY CLASSES 



113 



brimmed over for j < i and for part (lA) we have Mq = Aq, and for part (1) 
let p be any member of ^^^^(Mq). We choose by induction on z a model M} e K\ 
and a e such that M/ is (A, cf(A x (1 + i)))-brimmed over Mf , (M/ : z < A+) 
is <^-increasing continuous, fl Mq ~ MP and tp(a, Mq , Mq ) = p and M-^i is 
(A, ^)-brimmed over M|Vi U M/ and NF;,,(l,ef(Ax(l+^)),K) (Mf, MO+i, M/, M/+i) for 
i< X+. Note that for limit i, by 6.27, M/ is (A, cf(i))-brimmed over Mf U Mj for 
any j < i. 

Note that for i < A+, the type tp(a,M°,M/) does not fork over M^ = Aq and 
extends p by 6.30 (saying NF^ respects s) 6.23 (symmetry) and 6.21. So clearly we 
are done. 

2) Concerning ^ use 7.3 and 6.26 (i.e. transitivity for smooth amalgamations). 
The proof for <^_,_ is the same. 

3) By monotonicity for smooth amalgamations in ^x; i.e., 6.22. 

4) , 5) Check. ^7.4 



7.5 Claim. 1) If (Mq, Mi, a) e K^^+' and Mi <*+ M2 G Ka+ then 

(Mo,M2,a)ei^5^'- 

//Mq <*+ Ml, then for some a, (Mq, Mi, a) e AT^lJ". 



Proof. 1) By the transitivity of which holds by 7.4(2). 

2) As in the proof of 2.9, in fact it follows from it. 

3) Easy (and is included in 7. 4(1 A)). 



Remark. Note that the parallel to 7.4(1A) is problematic in §2 as, .e.g. locality 
may fail, i.e., (M, A^, G aJ;^' and M' <si M A M' e Kx ^ tps(ai, M', Ai) = 
tp^(a2, M', A2) but tpK^+ (ai, M, Ai) ^ tp^j^ (02, M, A2). Dy.s 

7.6 Claim. 1) [Amalgamation 0/ and toward extending types] If Mq <^_,_ Mg 
for e = 1,2,K = cf{K) < X and a e M2\Mq is such that (Mo,M2,a) e kJv^^ zs 
witnessed by p, then for some M3 and / we have: Mi ^ M3 and / zs an 
embedding 0/M2 mto M3 over Mq ^^;^^/^ /(a) ^ Mi, moreover, /(M2) M3 and 

(Ml, M3, /(a)) G A^^i'i''' zs witnessed by p. 

2) [uniqueness] Assume Mq <^_^_ ^ Mi for £=1,2 then there is an isomorphism f 
from Ml onto M2 over Mq . 

3) [locality] Moreover^^ , in (2) if e M^\Mq for I =1,2 and [A <^ Mq & 

2^ the meaning of this will be that types over M G K"^^^ can be reduced to basic types over a 
model in Kx, i.e., locality 



114 



SAHARON SHELAH 



N e Kx =J> tp(ai, N, Ml) — tp(a2, N, M2)], then we can demand /(ai) — a2 (so in 
particular tp{ai, Mq, Ml) = tp{a2, Mq, M2) where the types are as defined in 
and even in {Kx+, <x+ )■ 

4) Moreover in (2), assume further that for I = 1,2, the following hold: Nq <ii 
Ni <si Me, No e Kx,No <a Mo,Ne e Kx and (ViV G Kx)[No <^ N <^ Mq ^ 
{3N' e Kx){N UNeCN' <^ Me A NFA(iVo, Ne, iV, N')]. If fo is an isomorphism 
from Ni onto N2 over Nq then we can add f '2 fo- 



Proof. We first prove part (2). 

2) By 7.3(1) + (2) there are representations M^ = (Mf : i < X+) of Me for £ < 3 
such that for £ = 1, 2 we have: M/hMq = and NF;,^(i^i,^) (M^, Mf^^, M/, M/^^) 
and without loss of generality Mq is (A, k) -brimmed over Mq for £ = 1, 2. 

Now we choose by induction on z < A"*" an isomorphism fi from M/ onto Mf, 
increasing with i and being the identity over M°. For i = use "Mq is (A, k)- 
brimmed over Mq for i = 1,2" which we assume above. For i limit take unions, for 
i successor ordinal use uniqueness (Claim 6.16). 

Proof of part (1). By 7.4(1) there are for 1 — 1,2 models A^^* e Kx+ such 
that Me <++ ^ N*. Now let M^ = (Mf : i < A+) be a representation of 
M^ for £ = 0,1,2 and let iV^ = (A^f : z < A+) be a representation of iV/ for 
£ = 1,2. By 7.4(4) and 7.3(2) without loss of generality A'^q is (A, K)-brimmed 
over Mq^ and NF;,(M0, M^+i, M/, M^i) and NF;,,^i,i,,) (M/, M^^, iV/, iV^J re- 
spectively for £=1,2. Let Mq* be such that p e =5^''^(Mo*), Mq* e Kx, Mq* <^ Mq; 
without loss of generality Mq <^ Mq and a e A^q . Now A^q is (A, K)-brimmed over 
Mq hence over Mq" (for £ = 1,2) so there is an isomorphism /o from A'q onto Nq ex- 
tending id^u. There is a' G A'q such that tp(a', Mq, A'q) is a non-forking extension 

of p and without loss of generality /o (a) = a' hence tp(/o(a), Mq, A^q) G ^^''(Mq) 
does not fork over Mq . 

We continue as in the proof of part (2). In the end / = is an isomor- 

i<\+ 

phism of A^2 o^^^o A^^* over Mq and as /o(a) is well defined and in A^q\Mq clearly 
tp(/(a), M/, N}) does not fork over Mq and extends p hence the pair (A^i , / \ M2) 
is as required. 



Proof of part (3), (4). Like part (2). 



□7. 
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7.7 Claim. 1) If 5 is a limit ordinal < X'^^ and {Mi : i < S) is a <*^+ -increasing 
continuous (in Kx+ ) and = (so Ms G Kx+ ), then Mi <^_,_ M§ for each 

i<S 

i < 5. 

2) If d is a limit ordinal < A"*"^ and {Mi : i < 5) is a <'^+ -increasing sequence, each 
Mi IS m K^f"", then [j Mi is m K^f"". 

i<5 

3) If 6 is a limit ordinal < X^^ and {Mi : i < 6) is a -increasing continuous (or 
just K'^j^ -increasing continuous, and M2i+i M2i+2 for i < 5), then i < 5 ^ 
Mi <++ IJ Mj. 

j<5 



Proof. 1) We prove it by induction on S. Now if C is a club of 6, (as is transitive) 
then we can replace {Mj : j < 5) by (M,- : j e C) so without loss of generality 

S = cf(5), so 5 < A+; similarly it is enough to prove Mq Ms := -^j- For 

j<S 

each i < 5 let (M^ : ^ < A""") be a <^-representation of Mj. 

Case A : d < A+. 

Without loss of generality (see 7.3(1)) for every i < j < 6 and C < A+ we have: 
M^ nMi^Ml and NFa(M^, M^^^, M^', M^'^^). Let M^ = |J M^, so 

i<6 

{M^ : C < A""") is <^-increasing continuous sequence of members of K\ with 
limit Ms, and for i < 5, M^ n Mi = M^. By symmetry (see 6.23) we have 

NFa(M^,M^+\M^+i, M^+}) so as {M^ : i < 5),(M^+i : i < S) are <i^-increasing 
continuous, by 6.26 the transitivity of NF^, we know NFa(MJ*, M^, M^^^, M^^J 
hence by symmetry (6.23) we have NFa(MJ', Mj^^, M^^ M^_^ 
So (M^ : C < A+), {M^ : C < A+) are witnesses to Mq <\+ Ms. 

Case B : 5 = A+. 

By 7.3(1) (using normality of the club filter, restricting to a club of A""" and 
renaming), without loss of generality for z < j < 1 + ^ < 1 + ^ < A+ we have 
M^nMi = Mi and NFa (M|, M|, M|, M|). Let us define M^^ = [j M^. So 

j<i+C 

{M^ : C < A"*") is a <j^-representation of Mx+ = Ms and continue as before. 

2) Again without loss of generality d — cf(5) call it k. Let {M^ : ( < A""") be a 

< ^-represent at ion of Mi for i < 5. 
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Case A : 5 = k < X+. 

Easy by now, yet we give details. So without loss of generality (see 7.3(1)) for 
every i < j < S and ( < ^ < X+ we have: n Mj = M^, NFa(M^, M|, Ml) 

and M^^i is (A, A)-brimmed over M». Let M^ = |J M^. Let ^ < A+. Now if 

I3<5 

p E S^^^{M^) then by the local character Axiom (E)(c) + the uniqueness Axiom 
(E)(e), for some i < 6,p does not fork over M|. As Mi is A+-saturated above A, 
the type p \ M| is realized in Mj. So let b G Mi realize p \ M| and by Axiom 
{E){h), continuity, it suffices to prove that for every j e (i, 5), b realizes p \ M^ in 
Mj which holds by 6.30 (note that b E M^ <^ Mj as j e [i,5)). So p is realized in 
Ms = [j Mi. As this holds for every ^ < A+ and p e ^^^(M|), the model Ms is 

i<5 

saturated. 

Case B : d{S) = A+. 

Straight, in fact true for ^ a.e.c. with the A- amalgamation property. 
3) Similar. Dy y 

7.8 Claim. 1) If Mq e Kx+ then there is Mi such that Mq <++ Mi e Kff'', and 
any such Mi is universal over Mq in {Kx+, <^+)- 

2) Assume KI7Vi,jv2,Mi,M2 below holds. Then Mi M2 iff for every a < A"*" for 
stationarily many (3 < X'^ there is N such that U C N <^ and is 
(A, *)-brimmed over N where 

^Ni,N2,Mi,M2 — A+ is being witnessed by Ni,N2 that is = {N^ : a < A"*") is a 

<^-representation of Me fori =1,2 and a < X+ ^ NFa(A^^, N^+i, N^, N^+i) 
(hence a < (3 < X+ ^ ^^xiK^ N}, N^, ATj)). 



Proof. 1) The existence by 7.4(1). Why "any such Mi, . . .?" if Mq <*+ M2 then 
for some M+ e Klf"" we have M2 <^ M+ e Klf"" so Mq <*+ Mi <++ M+ hence 
by 7.4(5) we have Mq <^ M^; so by 7.6(2) the models M^,Mi are isomorphic 
over Mq, so M2 can be <^+-embedded into Mi over Mq, so we are done. 
2) Not hard. Dy.s 
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§8 Is <*+ EQUAL TO <^ ON K^f''? 

8.1 Hypothesis. The hypothesis 6.6. 

An important issue is whether (K^f^, —1+) satisfies Ax IV of a.e.c. So a model 
M e Kx++ may be the union of a -increasing chain of length A"''"'', but we still 
do not know if there is a continuous such sequence. 

E.g. let {Ma : a < A++) be -increasing with union M e Kx++ let M'^ = 
M^, M^+„+i = M^+« and M'^ = U{M^ : /3 < 5} for 5 Hmit. So {M^ : a < X++) 
is <i?-incr easing continuous, {M^_^_i : a < A"*""*") is <^+-increasing, but we do not 
know whether <*+ M^^^ for limit 6 < A++. 

8.2 Definition. Let M e ^x++ be the union of an <^-increasing chain from 
{Klf%<l+) or just {Kx+,<l+),M = {Mi : i < A++) such that {Mi : i < A++ 
non-limit) is -increasing. 

1) Let S{M) = {5 : M^+i (see 8.3(3) be_low)}, so S{M) C A++. 

2) For such M let S{M) be S{M)/2ix++ where M is a <^-representation of M and 
^^++ is the club filter on A"''"''; it is well defined by 8.3 below. 

3) We say (Mj : i < 5) is non-limit -increasing if for non-limit z < j < 5 we 
have Mi <*+ Mj. 

8.3 Claim. 1) If M^ = (Mf : i < A++) for £ e {1, 2} is <si-increasing continuous 
and i<j< A++ =^ Mq M^+i <*+ M^+i and M = |J M/ = |J /las 

i<A++ i<A++ 

cardinality A++ t/ten 5'(M^) = S{M'^) mod %++. 

// M, M are as in 8.2 hence M = [J Mi then S{M)/^x++ depends just on 

i<X++ 

Ml 

3) If M is as in 8.2 and i <j < A++, then Mi <*+ M^+i ^ Mi <*+ Mj. 

4) If M e ^\++ is the union of a <'^+ -increasing chain from (X^+'',<^+), not 
necessarily continuous, then there is M as in Defintion 8.2, that is M = {Mi : i < 
A"'"'"), a < ^-representation of M with Mi Mj for non-limit i < j. 

Proof. 1) We can find a club E of A"''"'' consisting of limit ordinals such that 
i e E ^ Ml = Mf. Now if Si < 62 are from E then 61 e S{M^) ^ M^ <* + 
Ml^, 4^ Ml Ml ^ Ml Ml ^ Ml Ml^, ^ 5i E S{M^).' 
[Why? By the defimtion of sIm^), by part (3), by ''Si, 82 G E" , by part (3), by 
the definition of S'(M^), respectively.] So we are done. 
2) Follows by part (1). 
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3) The implication <^ is by 7.4(3); for the imphcation note that assuming 
Mi Mi+i, as is a partial order, noting that by the assumption on M we 
have Mi+i Mj+i, and by 7.4(3) we are done. 

4) Trivial. Ds.a 

8.4 Claim. // (*) below holds then for every stationary S C 5"^+^ (= {6 < X~^~^ : 
cf(5) = A"*"}) for some X'^ -saturated M e Kx++ we have S{M) is well defined and 
equal to S/ ^\++ , where 

(*) we can find {Mi : i < A"'" + l) which is < ^-increasing continuous of members 
of such that i < j < \+ + 1 & (i, j) ^ (A+, A+ + 1) =^ M, <++ Mj 

but^{Mx+ <l+Mx++i). 



Proof. Fix S C and {Mi : i < X+ + 1) as in (*). 

Without loss of generality \Mx++i\Mx+ \ = A""". 

We choose by induction on a < A"*"^ a model M^ such that: 

(a) M^ e has universe an ordinal < A"'""'' 

(b) ioT P <a we have M^ <^ Mf 

(c) if a = P-\- 1, /3^S then M^ <++ Mf 

(d) ifa = P-\-l,PeS then (M|, Mf ) ^ (M;,+ , M;,++i) 

(e) i{p<a,(3^S then M| <++ 

(/) if CK is a limit ordinal, then M^ — U{M^ : (3 < a}. 

We use freely the transitivity and continuity of <^ and of <^. 



For CK = no problem. 

For a limit no problem; choose an increasing continuous sequence (7^ : i < cf(a)) 
of ordinals with limit a each of cofinality < A, 7^ ^ 5', and use 7.7(3) for clause (e). 

For a = P-\-l,P^Sno problem. 

For Q; = /3 + l,/3eS'so cf(/3) = A"*", let (7^ : i < A"*") be increasing continuous with 
limit f3 and cf(7i) < A, hence 'ji ^ S and each 'ji+i a successor ordinal. By clause (e) 
above and 7.4(5) we have M^. M^.^^, hence (M-y. : i < A"*") is -increasing 
continuous. Now there is an isomorphism ffj from Mx+ onto M^ mapping Mi onto 
M^. for i < A (why? choose fi3 \ Mi by induction on i, for i = by 7.3(0), for 
i successor M^. <+ M^.^^ by 7.4(3) as M^. <*+ M^.^^ <++ M^.^^ so we can use 
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7.6(2)). So we can choose a one-to-one function from M^+^i onto some ordinal 
< A"*""*" extending fp and let Ma = /a(-^A++i)- 

Finally having carried the induction, let Ms = \^ M^, it is easy to check 

a<A+2 

that Ms E Kx++ is A^-saturated and M — {M^ : a < A++) witnesses that 
S{Ms)/^x++ is well defined and S{Ms)/^x++ = S{{M^ : a < A++))/^a++ = 
S/^x++ as required. 08.4 

Below we prove that some versions of non-smoothness are equivalent. 

8.5 Claim. 1) We have {**)mi,m* =^ {* * *) (see below). 

2) If {*) then (**)m*,m| for some M^, M| and trivially (* * *) =^ (*). 

3) In part (1) we get {Mi : z < A""" + 1) as in {* * *), see below, such that Mx+ = 
Ml*, Mx++i = Ml if we waive z < A+ ^ Mj <^ Mx+i or assume M* <^ M* <^ 
M| for some M*. 

4) If Ml* <*+ M| and M^ e K^^^ and Ni <^ N2eKx,Ne< M/ /or £ - 1, 2 and 
p e S^^^{N2) does not fork over Ni then some c e M^ realizes p 

where 

(*) there are limit S < X'^'^, N and M = (Mi : i < S) a <*y^+ -increasing 

continuous sequence with Mi, N e K"^^^ such that: Mi N ^ i < 5 

{**)Mt,Mi ii) M^ eK^r.M^ eK^r 
(a) M* <^ Ml 

{Hi) M*il^M^ 

{iv) if Ni <^ N2 are from Kx, 

Ni <ii M; for i = 1,2 and pe ^''"(A^2) does not 
fork over Ni, then some a E Mj* realizes p in M| 

(* * *) there is M = {Mi : i < A""" + 1), <si-incr easing continuous, every 
Mi e K^V^^ and Mx+ Mx++i but 
i<j<X+ + l & i^X+ ^Mi<++ Mj. 

Proof 1),3) Let (af : i < A+) list the elements of M/ for £ = 1,2. Let (iVI.i : * < A+) 
be a <^-representation of M|. 

Let ((p^, iV*, 7c) : C < A+) list the triples (p, A^, 7) such that 7 < A+,p G .^'""(A^), G 
{A^2*i : ^ < A+} with each such triple appearing A""" times. By induction on a < A""" 
we choose {N-^ i < a), Na such that: 



(a) iVf e Kx and iVf <a M^ 
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(6) <^ M* 

(c) (A^" : i < a) is <^-increasing continuous 

(d) iV«<^iV«,iv«nM* = iV« 

(e) ii i < a then {N^ : /3 e [i, a]) is <^-increasing continuous 
(/) {Nj3 : P < a) is <^-increasing continuous 
{g)ifa^p + l,i<p then NFx{Nf, Np, iV«, iV«) 

[h) a a = 213+1 then a| e A^a+i 

{i) if a = 2/3 + 2 and i < a then iV^':^! is brimmed over iVf U iVf+i"^^ and N§ is 
brimmed over A^q^. 

Why is this enough ? 

We let Ma+ = Ml*, Mx++i = and let M'^+^^ e be such that Mx++i 

Mj^+^i and for i < A+ we let Mi = U{iVf : a e [i, A+)}; now 

(a) Ml* = U iV^ = U M, and M^ = |J ^« 

a<A+ i<A+ a<A+ 

[why? the second by clause (h) (and (b) of course), the first as n = 

Now: 

(P) {Mi : i < A"*" + 1) is <^-increasing continuous 

[trivial by clauses (c) + (e) if i < A"*" and (d) if i = A"*"] 

(7) for z < A+, Mi is saturated, i.e., G K^f"". 

[Why? Clearly {N"" : a E {i, A"*")) is a < ^-representation of Mj by clause (e) 
and the choice of Mj. If z = this follows by clauses (i) + (e). If z = j + 1 
this follows by clauses (e) + (i). If z is a limit ordinal use 7.7(2) and clause 

(g)] 

(S) for z < A+, z < j < A+ + 1 we have Mi <*+ M^. 

[Why? Let := iV°,iV«+^^ = iV^ for a < A+ and let 7 be z if j = 
A"*", A""" + 1 and be j if j < A"*"; so in any case 7 < A""". Now as {N" : 
a e [7, A+)) is a <j?-representation of Mj and (A^" : o; G [7, A+)) is a 
<^-representation of Mj and if 7 < /? < A+ then by clause (g) we have 
NFA(iVf,iV/3,iVf+\iV/3+i) hence by symmetry NFx{N^ , N^^+\ Np, Nf^+i) 
hence by monotonicity 
NFA(iVf , iVf +\ iV/, Af +'); this sufiices] 

(e) if z < j < A+ then Mi <++ Mj 

[why? by 7.7(1) it suffices to prove this in the cases j = i + 1. Now claim 
7.8(2), clause (i) guaranteed this.] 
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Clearly (M^ : i < A+ + 1) is as required for part (3) and (Mj : i < A+)^(M^+_|_-^) is 
as required in part (1). 
So we are done. 

So let us carry the construction. 

For a = trivially. 

For a limit: straightforward. 

For a = 2/3 + 1 we let iVf = Nf^ for i < 2(5 and G Kx is chosen such that 
A^2/3 U {op] C A^^ <^ M| and A^q, f Ml <^ , easy by the properties of abstract 
elementary class and we let iV^_|_j = Nq, \ M^. 

For q; = 2/5 + 2 we choose by induction on e < A^, a triple (-/V®^, A^®^, ao.,e) such 
that: 

{A) N^^ <^ M| belongs to K\ and is <^-increasing continuous with e 

(B) <o = N2^+, and Ar|, f <* 

(C) A^®g <^ Ml belongs to K\ and is <^-increasing continuous with e 

(F) tp(aa,e, N^,e, ^2*) does not fork over N®^ 

(i?) for every p E y^%N®^) for some odd C G [e, £+A) the type tp(aa,c, iV®^, 
is a non-forking extension of p. 

No problem to carry this. [Why? For e = and e limit there are no problems. In 
stage £ + 1 by bookkeeping gives you a type Pe G y^^iN®^) and let qe G ^'^^(-/V®e) 
be a non- forking extension of p^. By assumption (iv) of {**)m^,m^ there is an 
element aa,e G Mf realizing qfg. Now is saturated hence there is a model 
e such that N®^^, <^ Mt and (AT®,, AT®^^,, a«,.) G kJ'^^. 
Lastly, choose A^®e+i satisfying clauses (A),(B),(G) so we have carried the in- 
duction on £.] Note that NFA(7V®g, A^®^, -/V®£+i, -^a,e+i) for each £ < A^ by clauses 
(E),(F) of 6.31, hence NF(Arg+|, AT^^s+i, U{Ar®, : e < X^},U{Nl^ : e < A^}) by 

6.26 as (Ar®o,<o) = (A^lli', A^2/3+i) and the sequence (AT®, : s < X+),{N^,s : 
£ < A""") are increasing continuous. 

Now let A^a = U{^®e : £ < A^}, A^;^ = A^^ n Ml* recalling clauses (A) + (B). 

Now U{N®^ : £ < A^} <^ is (A, *)-brimmed over A^2^+i by 4.3 (and clause 
(H) above). Hence there is no problem to choose N-^ <^ A^^ for i < 2/? -|- 1 as 
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required, that is Nf^~^^ <^ N^, {N-^ : i < 2/3 + 1) is <^-increasing continuous, 
NFA(iVf^+\ Nf^^\ 7V«, Ar«.^) and iV^i is (A, *)-brimmed over 7Vf^+^ U and 
A^o* is (A, *)-brimmed over Nq^'^^ . So we have finished the induction step on a = 
2/3 + 2. 

Having carried the induction we are done. 
2) So assume (*) and let M^+i := from (*). It is enough to prove that {**)ms,Ms+'^ 
holds. Clearly clauses (i), (ii), (iii) hold, so we should prove (iv). Without loss of 
generality 5 = cf(5) so 5 = A+ or (5 < A. For z < 5 + 1 let (Mj^q, : a < A+) be a <^- 
representation of Mi and for i < S, j & {i, S + 1] let Eij be a club of A+ witnessing 

<*+ Mj for M\M^. First assume 5 < \. Let E = n{E,,j- : i < 5J G + 
it is a club of A+. So assume N2 <^ Ms+i,Ni <^ N2,Ni <^ Ms and Ni,N2 G 
Kx and p G y^^{N2) does not fork over A^i. We can choose ( & E such that 
N2 C Ms+iXi let pi G y^^{Ms+ix) be a non-forking extension of p, so pi does not 
fork over A^i hence (by monotonicity) over M^^ so p2 '■— Pi \ Mg^ G '^^^(Msx)- 
By Axiom {E){c) for some a < 5,p2 does not fork over Ma^ hence p2 \ M^x ^ 
y^^Mc^x)- As Ma G X"?'', i.e., is A+-saturated (above A), clearly for some ^ G 
(C, A+) HE some c G M«,g realizes p2 \ M^^ but NF^iM^^, Ms+i,c. M,,^, M^+i,^) 
hence by 6.30 we know that tp(c, Ms^i^-, Ms^i^) belongs to y^^{Ms^ix) and does 
not fork over M^x hence c realizes p2 and even pi hence p and we are done. 

Second, assume S — X'^ , then for some S* < S we have Ni <^ Mg*, and use the 
proof above for {Mi : i < S*),Ms+i (or use Mg* Ms+i). 

4) Straight, in fact included the proof of 7.7(2). Dg.s 

The definition below has affinity to "blowing to A^^" in §1. 

8.6 Definition. 0) = {{M,N,a) G isT^V^' : M,N are from i^J^}; we say 

A^' G Kx (or p') witness (M, A^, a) G kI'+^ if it witnesses (M, A^, a) G i^J'^'. 

1) := {tp(a,M,A^) : M <*+ A^ are in K^^, a G A^ and {M,N,a) G i^Jf }, 
the type being for = (-ftr^+'^, <^+), see below^^ so the notation is justified by 
8.7(2). 

2) We define = (K®, <®) as follows 

(a) = t {M G -ftT : M is the union of a directed family of <j?-submodels 
each from K^+^} 

(b) Let Ml <® M2 if Mi, M2 G K®, Mi <^ M2 and: 

(*)mi,M2 if e Kx,Ne <m Mi, for £ = l,2,p G y^'{N2) does not fork over 
A^i and A^i <^ N2 then some a G Mi realizes p in M2 



■^^actually to define tp^-^ (a, M, A^) where M <six N,a E N we need less that "M.x is a A-a.e.c.", 
and we know on (X^lf^, <t + ) more than enough 



CATEGORICITY IN ABSTRACT ELEMENTARY CLASSES 



123 



(c) let <f^=<^\Kf^. 

3) yy = {{Mo, Ml, a, Ms) : Mq <*+ Mi <*+ M3 are in and (Mi,M3,a) e 
A+ 

as witnessed by some N <^ Mq from -fCA}- 

4) = {K^r, <i+), that is {K^r, <i+ \ Kir)- 

5) We say that M' or p' witness p = tp^nicc (a, M, A^) when M' <^ M, M' e 

Kx and [M' M" <m M => tps{a,M",^N) does not fork over M' and / = 
tp,{a,M',N). 



8.7 Conclusion. Assume^^ (recaUing 8.4): 

Kl not for every S C S^l'^ is there A+-saturated M e Kx++ such that S{M) = 

0) On Kl+^, the relations <^+, <® agree. 

1) ^^+^ = (K^f^, is a A^-abstract elementary class and is categorical in A""" 
and has no maximal member and has amalgamation. 

2) is the class of A+-saturated models in ^ so K®+ = 

3) i^® is an a.e.c. with LS(K®) = A+ and is the Hfting of j^^^^ 

4) On Kl^'',{y^l, {]}) are equal to (^^" \ K^f", {]} \ K^V^^) where they are 

A+ < 00 

defined in 2.4, 2.5. 

5) {^fr, y^l, yj ) is a good A+-frame. 

A+ 

6) For Ml <*+ M2 from and a e M2\Mi, the type tp^^^ (a, Mi, M2) is 
determined by tp^^(a, Ni, M2) for all iVi <^ Mi, Ni e Kx- 



Proof. 0) By 8.4 and our assumption wc have Mi, M2 G i^"^'' & Mi <® M2 ^ 
Ml M2 (otherwise (**)mi,M2 of 8.5 holds hence (* * *) of 8.5 holds and by 8.4 
we get -iKI, contradiction). The other direction is easier just see 8.5(4). 
1) We check the axioms for being a A^-a.e.c: 

Ax : (Preservation under isomorphisms) Obviously. 

Ax I : Trivially. 

Ax II : By 7.4(2). 

Ax III : By 7.7(2) the union belongs to and it <^+-extends each member of 

the union by 7.7(1). 



this is like (**)mi,M2 from 8.5, particularly see clause (iv) there 
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Ax IV : Otherwise (*) of 8.5 holds, hence by 8.5 also (* * *) of 8.5 holds. So by 8.4 
our assumption Kl fail, contradiction; this is the only place we use Kl in the proof 
of (1). 

Ax V : By 7.4(3) and Ax V for ^. 

Also .^"+^ is categorical by the uniqueness of the saturated model in A"*" for ^ 
has no maximal model by 7.4(1). has amalgamation by 7.6(1). 

2) Every member of is A"'"-saturated in A by 7.7(2) (prove by induction on the 
cardinality of the directed family in Definition 8.6(2), i.e. by the LS-argument it 
is enough to deal with the index family of < models each of cardinality A"*", 
which holds by part (0) + (I))- If M E K is A"'"-saturated, then as in §1, it is easy 
to find a directed system of saturated <j^-submodels from Kx+ using 7.7(2) (using 
the stability of in A) . 

3) , 4) Easy by now (or see §1). 

5) We have to check all the clauses in Definition 2.1. We shall use parts (0)-(3) 
freely. 



Axiom (A) : 

By part (3) (of 8.7). 

Axiom (B) : 

There is a supcrlimit model in K' 
saturated model. 



= K^f^ by part (1) and uniqueness of the 



Axiom (C) : 

By part (1), i.e., 7.6(1) we have amalgamation; JEP holds as K^+'^ is categorical 
in A+. "No maximal member in .^®+" holds by 7.4(1). 

Axiom (D)(a),(b) : 

By the definition 8.6(1). 

Axiom (D)(c) : 

By 2.9 (and Definition 8.6(1)). Clearly kJ^' = K^'^^ \ i^^^^ 
Axiom fD)fd) : 

For M e Sif+ let M^{Mi:i< A+) <^-represent M, so if M <® iV e 
(hence M <*+ iV G Kf_^ = K^^) and a G iV, tp^ni^o(a, M, iV) G -y^HM), we 

let a{a,N,M) = Mm{a : tp(a,M«,iV) G S^'^^Mc,) and for every /3 G (q;,A+), 

tp(a, N) G y^%Mi3) is a non-forking extension of tp(a. Ma, N)}. 

Now 
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(a) a(a, A^, M) is well defined for a, N as above 
[Why? By Defintfon 2.7 + 8.6(1)] 

(b) if ac,Ni are above for £ = 1,2 and Q;(ai,A^i,M) = a{a2, N2., M) call it a 
and tps(ai, Mq,, AT) = tps(a2, Mq,, N2) then 

(*) for /? < A+ we have tps(ai, M^, iVi) = tp5(ai, M;3, iVa) e ^^s^^^) 
[Why? By (JJ-calculus when P > ahy monotonicity ii P < a] 

(c) if ai, Ng are as above for £ = 1,2 and (*) above holds then 
(**) tp^«^ (ai, M, A^i) = tp^«^ (as, M, N2) 

[Why? Use 7.6(3) or by part (6) below]. 

As a < A ^ \y^%Ma)\ < A (by the stability Axiom (D)(d) for s), clearly 
|^A+(M)| < J2 < A+ = ||M|| as required. 

a<X+ 

The reader may ask why do we not just quote the parallel result from §2: The 
answer is that the equality of types there is "a formal, not the true one" . The crux 
of the matter is that we prove locality (in clause (c) above). 

Axiom (E)(a) : 
By 2.4 - 2.7. 

Axiom (E)(b); monotonicity : 

Follows by Axiom (E) (b) for s and the definition. 

Axiom (E)(c) ; local character: 

By 2.11(5) or direct by translating it to the s-case. 

Axiom (E)(d); (transitivity) : 
By 2.11(4). 

Axiom (E)(e): uniqueness : 

By 7.6(3) or by part (6) below. 

Axiom (E)(f); symmetry : 

So assume Mq Mi M2 are from K®+ and for £ = 1, 2 we have a£ e Mg, 
tp^nice(a^,Mo,M£) e y^l{Mo) as witnessed by pi e y^%Nl),N; e Kx,N^ <m 

Mq and tp^® (02, Mi, M2) does not fork (in the sense of |JJ ) over Mq (note that 

A+ 

Mo,Mi,M2 here stand for Mq, Mi, in (E)(f)(i) from Definition 2.1). As we 
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know the monotonicity without loss of generahtyAfi M2. We can finish by 
7.6(4) (and Axiom (E)(e) for .^a)- 

In more details, we can find Nq, Ni, N2 such that: Ng <^ Mi and Ni G Kx 
for £ = 0, 1, 2 and U C Nq <a Ni <^ N2 and ai G iVi, 02 G N2 and iV2 is 
(A, *)-brimmed over iVi hence over A^o, and (VA G i^A)[Ao A <^ Mq ^ (3M G 
Kx){M<siM2 & NFa(Ao,A,A2,M))]. 

By Axiom (E)(f) for we can find A' such that Aq <^ A' <^ A2 and 

A 

a2 G A' and tp5(ai, A', A2) does not fork over Aq. Now we can find /g, M{ such 
that Mo <++ M(,/^ is a <^-embedding of A' into M[ and (VA G Ka)[Ao <^ 
A <^ Mo ^ (3M G Kx){M <^ M[ & NFa(Ao, A, /^(A'), M))]. Next we 
can find /o , M^ such that M[ <++ M^, D is a <^-embedding of A2 

into M^ and (VA G Ka)[Ao <^ A <^ Mo ^ (3M G i^A)(M M^ & 
NFa(Ao,A,/^'(A2),M)]. 

Lastly, by 7.6(4) there is an isomorphism / from M2 onto M2 over Mq extending 
/o . Now f~^{M[) is a model as required. 

Axiom (E)(g); extension existence : 

Assume Mo Mi are from K^+^'^p G ^j^+(Mo), hence there is Aq <^ 

Mo,Ao G Kx such that (VA G -ft:A)(Ao <^ A <^ Mq ^ p f A does not fork 
over Ao). By 7.4(1 A) there are M2 G Kf+ and a G M2 such that Mi <*+ M2 
and tp«nice(a. Mi, M2) G .5^^^+(Mi) is witnessed by p f Aq and by part (6) we have 

tp^nice (a, Mo, M2) = p. Checking the definition of does not fork, i.e., (JJ we are 
done. 

Axiom (E)(h), (continuitv) : 
By 2.11(6). 

Axiom fE)(i) : 

It follows from the rest by 2.16. 
6) So assume M <*+ M^, G Mi\M for £ = 1, 2 and A <^ M A A G i^A ^ 
tp^(ai, A,Mi) = tp^(a2, A,M2). By 7.4(1) there are M+,M^ G K^'^ such that 
Mi <++ M+ for £ = 1,2. By 7.6(2), (3) there is an isomorphism / from M^ onto 
M2 over M which maps ai to 02. This clearly suffices. Ds.t 
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§9 Final conclusions 

We now show that we have actually solved our specific test questions about 
categoricity and few models. First we deal with good A-frames. 

9.1 Main Lemma. Assume 

(a) 2^ < 2^^ < 2^^^ < ... < 2^^", and n > 2 and WDmId(A+^) is not 
\+^+^ -saturated (normal ideal on X^^) for £ — 1, . . . ,n — 1 

(6) s — y^^, QJ) is a good X- frame 

(c) i{X^^,^{\+ -saturated) ) < 2^^' for £ = 2, . . . ,n. 
Then 

(a) K has a member of cardinality A"'""'"'"-^ 

(P) for £ < n there is a good X^^ -frame = {^^, '^s^i UJ) ^"^^^ ^^^^ ^\+^ — 

se 

K\+i and <^«C<^ 

(7) 5q = 5 and if £ <m <n then K^+m 2 -f^^+m & \ K'^ 2<.s^ • 

Proof. We prove this by induction on n. 

For n = m+ l>2, by the induction hypothesis for £ = 0, . . . , m — 1, there is a 
frame Si = (i), ^^J'/) which is A+^-good and K^, C and <riQ<a\ By 

Si 

5.9 and clause (c) of the assumption we know that s has density for K^'^^. Now 
without loss of generality i^'""-'^ is categorical in A"''^'^"^) (by 2.20 really necessary 
only for £ = 0) and by Observation 5.8 we get the assumption 6.6 of §6 hence the 
results of §6, §7, §8 apply. Now apply 8.7 to (.^"^-^ y^l_^, LU ) and get a A+^- 

5m — 1 

frame Sm as required in clause {13). By 4.13 we have K^^+i 7^ which is clause 
(a) in the conclusion. Clause {(3) has already been proved and clause (7) should 
be clear. Dg.! 

Second (this fulfills the aim of [Sh 576]). 

9.2 Theorem. 1) Assume 2-^^ < 2^~^^^~^ ' for £ = 0, ... ,n — 1 and the normal 

ideal WDmId(A+^) is not X'^^'^^ -saturated for £ = l,...,n — 1. 

If ^ is an abstract elementary class with LS(.^) < A which is categorical in A, A"*" 
and 1 < i{X+^,K) and /(A+"", j^) < 2^^"" for m e [2, n) (or just /(A+"^, i^(A+- 
saturated)) < 2'^^ ), then M.x+n ^ (and there are Si{£ < n) as in (7) of 9.1). 
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2) We can omit the assumption "not X^^'^^- saturated", if we strengthen I {X'^^ , M) < 
2^^"" to /(A+^,^) < /iunif(A+^,2^^^"'"'^), see I.?(3). 



Proof. 1) By 3.7 and 9.1. 

2) See [Sh 838]. Dg.a 
Next we fulfill an aim of Chapter I. 

9.3 Theorem. 1) Assume 2^^ < 2^(^+i) for £ = 0, ...,n - 1 and n > 2 and 
WDmId(A+'^) is not X+^+^ -saturated for £ = 1, . . . ,n - 1. 

If M. is an abstract elementary class which is PC^^g and 1 < < 2^^ and 

/(K^, ^) < 2^*^ for £ = 2, . . . ,n, then M has a model of cardinality i^n+i (and there 

are 5i{£ < n) as in 9.2. 

2) We can omit the assumption "not X^^^"^ -saturated" if we strengthen "/(K^,^) < 

2^^ "to <Aiunif(^^2^^-0. 



Remark. Compared with Theorem 9.2 our gains are no assumption on /(A, K) and 
weaker assumption on I{X'^,K), i.e., < 2^^ (and > 1) rather than = 1. The price 
is A = Kq" and being PCj^g. 



Proof 1) By 3.4 and 9.1. 

2) See [Sh 838]. Dg.s 
Lastly, we fulfill an aim of [Sh 48] . 

9.4 Theorem. 1) Assume 2^^ < 2^^+^ for £ < n - 1 and WDmId(A+^) is not 
X+^+^ -saturated for £= 1, . . . , n - 1, G L^,,e^(Q), /(Ki, ^/;) > 1 and i{\kt,%l)) < 2^^ 
for £ = 1, . . . , n. Then i/j has a model in i^n+i and there are Si, . . . ,Sn-i as in 9.3 
for K — Mod^ and appropriate <j^. 

2) We can omit the assumption "not X'^^^^ -saturated" if we strengthen "/(J^^,^) < 
2^^ for£ = 2,...,n" to "i{^i, A) < ii^nii{^e,2''^-^)". 



Proof 1) By 3.5 mainly clauses (c)-(d) and 9.1. Note that this time in 9.1 we use 
the 

/(A+^J?(A+-saturated)) < 2^^'. 

2) See [Sh 838]. 09.4 
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